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ABSTRACT 

 
Stomata are a pivotal nexus between tree physiology and the environment, and thus 

modelling stomatal behaviour is critical for understanding tree growth and functioning. One 

of such models that have been widely tested is based on Lagrangian optimality analysis of 

gas exchange. The objectives of the present study were expanding the optimal stomata model 

to the whole-tree scale and coupling it with a model of cambial growth. The coupled model 

connects stomatal behaviour with non-stomatal limitation on photosynthesis, waterlogging 

effects, and the enzymatic activities and phenology of cambial growth. It requires 

commonplace inputs of meteorology, photosynthetic photon flux density (PPFD) and soil 

water conditions and can output transpiration, assimilation and cambial growth rates 

simultaneously at 30-minute resolution. The model was parameterized using Bayesian 

statistics and tested against observations on Pinus sylvestris and Picea abies from boreal 

forest sites in Finland of peatland and mineral soils. The model performance on simulating 

transpiration rate and stem radial dimension was good. Statistical analyses of model 

parameters showed that young/short trees almost always had higher stomatal conductance 

than old/tall trees under typical vapour pressure deficit (VPD) and PPFD. Also, maximum 

soil-to-root hydraulic conductance and minimum marginal water use efficiency (MWUE) of 

the trees were positively correlated with their leaf-to-sapwood area ratio. The modelled 

cambial growth duration was positively correlated with leaf-specific photosynthetic 

production (P) of the growing season at the moister peatland but not at the dryer mineral-soil 

site, and otherwise phenological traits of cambial growth were not significantly correlated 

with P at either site, suggesting P is not sufficient for determining the growth phenology of 

boreal trees. The model provides an easy-to-use tool for coupled tree eco-physiological and 

growth simulation and insights into larger-scale sink-driven vegetation modelling. 

 

Keywords: Bayesian inference, cambial growth, mechanistic modelling, stomatal optimality, 

tree hydraulics  
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Philosophari enim est, 

effectus iam cogniti certam et 

manifestam et veram causam 

investigare, et ostendere 

quomodo illius causa est. 

 

Alberti Magni  
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To philosophize is so,  

to investigate the certain, 

manifest and true cause of  

a known effect, and to explain 

how the cause is being. 

 

Albertus Magnus 
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SYMBOLS  

 

 
The following list comprises the Latin and Greek letters used in the core model, excluding 

conventional mathematical notations (e.g. d for differentiation) or SI units (e.g. m for the 

metre). The modified symbols exclude 1) boldface, denoting a matrix or a vector, 2) the dot 

notation, denoting derivative with respect to time (and only to time; e.g. �̇� ≝ d𝐸(𝑡) d𝑡⁄ ), and 

3) parameter with hat (circumflex; e.g. 𝜄)̂, denoting its maximum a posteriori (MAP) estimate. 

Constant values and/or typical units, if applicable, are displayed in parentheses at the end of 

definitions. The uses of symbols may differ from those in the attached original articles for 

the consistency of the main text. 

 

A Assimilation rate (mol m-2 s-1) 

b Coefficient in the water retention curve of growing media (soil and peat). 

C (Linear) Hydraulic capacitance (mm MPa-1) 

Subscript: Cb, C of the bark.  

𝒞 CO2 concentration (mol m-3) 

Subscripts: 𝒞a, atmospheric 𝒞; 𝒞i, intercellular 𝒞. 

c Slope parameter between the initial slope (ι) of photosynthetic photon flux density 

(I) response curve and acclimation of foliage to temperature (S) (m3 (mol C°)-1) 

D Vapour pressure deficit (VPD) (mol m-3) 

d Water table depth (WTD) (cm) 

Superscript: d*, optimal d corresponding to the optimal soil water content (θ*). 

𝒹c Radial diameter of a cambial cell  

Modifier: 𝒹̅c, average 𝒹c (Picea abies, 0.035 mm; Pinus sylvestris, 0.0325 mm) 

E Transpiration rate (mol m-2 s-1) 

Superscripts: E(M), modelled E. 

ℰ Modulus of elasticity (of the wood section of interest) (MPa) 

Subscript: ℰb, ℰ of the bark. 

ℊ Cambial cell relative expansion rate 

𝑔σ (Optimal) Stomatal conductance (m s-1) 

Modifiers: 𝑔σ
∗ , optimal stomatal conductance, used in preliminary mathematical 

demonstration; 𝑔0, minimum conductance (Picea abies, 4.5525 × 10-5 m s-1; Pinus 

sylvestris, 7.5 × 10-5 m s-1). 

ΔH Enthalpy difference (J mol-1) 

Subscripts: ΔHa, enthalpy of activation of enzymatic system, i.e. ΔH between 

enzymatic system’s transition state and reactant; ΔHd, ΔH between enzymatic 

system’s catalytically active and inactive states. 

h (Tree) height (m) 

Subscript: hrb, height between average depth of active fine roots and breast height 

(1.5 m); hrl, root-to-leaf height. 

I Photosynthetic photon flux density (PPFD) (mol m-2 s-1) 

J Sap flow (substance) density (mol m-2 s-1) 

Superscript: J(O), observed J. 

K Hydraulic conductivity (mol m-1 s-1 Pa-1) 

Subscript: Ksat, saturated soil K. 
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k Hydraulic conductance (mol m-2 s-1 Pa-1) 

Subscripts: k0, base-case (soil-to-leaf) k; kbc, k between the bark and the cambium; 

kDS, ksr in deep mineral soil (C horizon) (8.8 × 10-10 mol m-2 s-1 Pa-1); krb, root-to-

breast height k; krl, root-to-leaf k; ksb, soil-to-breast height k; ksl, soil-to-leaf k; ksr, 

soil-to-root k. 

l Dimension (mm). 

Modifiers: l0, initial value of lBH; lb0, initial bark thickness; lBH, diameter or radius of 

tree trunk at breast height; lela, lBH component related to elasticity; lgro, lBH 

component due to irreversible growth. 

ℳ Michaelis constant of intercellular CO2 kinetics 

m Displacement parameter of the Gompertz function 

N Number related to the cambial cell 

Subscripts: Nc, N of active cambial cells; 𝑁c
max, maximum Nc; ND, N of times of 

cambial cell volume (V) doubling. 

n Number of elements in an error matrix (ε) 

℘ Rainfall intensity (mm s-1). 

Q10 Relative increase of respiration rate (R) per 10 °C 

qb Water storage of the bark (mm) 

R Respiration rate (mol m-2 s-1) 

Subscript: R0, R at 0 °C. 

S Photosynthetic acclimation of foliage to temperature (Tl) above reference level (°C) 

Subscript: S0, reference level for S. 

ΔSd Entropy difference between enzymatic system’s catalytically active and inactive 

states (J mol-1 K-1). 

T (Air) Temperature (°C) 

Subscripts: T0, threshold T of cambial cell growth; Tl, leaf temperature. 

𝒯 Time unity 

t Time 

u Water flow (volume) density (mm s-1) 

Modifiers: ubin, u influx of the bark due to precipitation; 𝑢bin
max, maximum ubin (2 × 

10-5 mm s-1); ubc, u efflux of the bark to the cambium. 

V Cell volume 

𝒱c
max Maximum carboxylation capacity without non-stomatal limitation (mol m-2 s-1) 

𝒲 Water vapour concentration (mol m-3) 

Subscripts: 𝒲a, ambient (atmospheric) 𝒲; 𝒲i, intercellular 𝒲. 

z Parameter in the log-log linear correlation between marginal carbon gain per water 

cost (λ) and soil-to-leaf conductance relative to the base-case value (𝑘sl 𝑘0⁄ ) 

Subscripts: z0, intercept; z1, slope. 

α Scaling coefficient in cell wall extensibility (5.3544 × 1012 K-1) 

β Slope parameter between the hydraulic time lag (χ) and tree height (minute per m) 

Γ* CO2 compensation point in photosynthesis (mol m-3) 

γ Saturation level of PPFD response curve (m s-1) 

ε  Error term 

Subscripts: εD, ε of the tree stem radial dimension (SRD) model. εL, ε of the whole-

tree Lagrangian optimal stomata model (LOSM). 
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η Parameter in soil-to-root conductance (ksr) as a decreasing function of soil water 

content (θ) 

Subscripts: ηm, multiplier; ηp, power. 

Θ Assimilation deficit (mol m-2 s-1) 

θ Soil water content (m3 m-3) 

Modifiers: θres, residual θ; θsat, saturated θ; θ*, optimal θ regarding soil-to-root 

conductance. 

ι Initial slope of PPFD response curve (m3 mol-1) 

λ  The Lagrange multiplier, or the marginal carbon gain per water cost (mol mol-1) 

Subscript: λ(CF), the original Lagrange multiplier by Cowan and Farquhar (1977).  

ξ Parameter in soil-to-root conductance (ksr) as an increasing function of soil water 

content (θ) 

Subscripts: ξm, multiplier; ξp, power. 

ρ Ratio related to tree structure 

Subscripts: ρlw, ρ of all-sided leaf to sapwood areas (m2 m-2); ρrl, ρ of root length to 

all-sided leaf area (m m-2); ρrr, ρ of rhizosphere to mean hydraulically active root 

diameters (m m-1). 

τ Time constant 

Subscripts: 𝜏c, τ of the cambial cell expansion rate (ℊ) (hour); τS, τ of the 

photosynthetic acclimation of foliage to temperature (S) (day).  

φ Impact coefficient of low leaf water potential (ψl) on assimilation rate (A) 

ϕ Cell wall extensibility 

Subscript: ϕmax, maximum ϕ. 

χ Time lag between transpiration (E) and sap flow density at tree base (J) (minute) 

ψ (Water) Potential (Pa or MPa) 

Modifiers: ψA0, critical leaf ψ regarding photosynthesis (-2 MPa); Δψbc, turgor 

(hydrostatic potential) difference between bark and cambium; ψe, soil ψ of air entry; 

𝜓ℊ0, threshold ψ of cambial cell growth; Δ𝜓g, ψ difference due to gravity; ψl, leaf ψ; 

ψp, turgor; 𝜓p
cam, ψp of cambium (at breast height); ψs, soil ψ; ψsat, saturated ψs. 
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INTRODUCTION 

 

 
A key primary producer and the predominant terrestrial ecosystem, forests cover 31% (4.06 × 107 

km2) of the total land area of Earth and hold 6.62 × 1011 tonnes of carbon, of which 44% is in living 

biomass (FAO 2020). Their gross primary production (GPP) reaches 123 ± 8 Pg carbon per year 

(75% of the total GPP of all terrestrial ecosystems), and 40% of which is correlated with 

precipitation (Beer et al. 2010). Thus, forests play a pivotal role in global carbon balance and 

interact with hydraulic environment significantly. Not only do trees’ physiological activities (e.g. 

photosynthesis) rely on atmospheric and environmental water conditions, but they also regulate 

climate and thus mitigate natural hazards e.g. drought and flood (Bradshaw et al. 2007; Wright et 

al. 2017). As the risks of drought or flood are increasing under the changing climates (IPCC 2023), 

our understanding and prediction of trees’ functioning and growth in relation to environmental 

water conditions are valuable for corresponding mitigation measures. In terms of these purposes, 

mathematical modelling is an indispensable tool for describing, understanding, theorizing and 

predicting related phenomena and processes. 

 

 

Modelling stomatal behaviour 

 
Stomata are the nexus between trees and the environment regarding hydraulics and photosynthesis.  

They control the gas (carbon dioxide [CO2] and water vapour) exchange between leaves and the 

atmosphere, which generates the driving pressure (water potential) of transpiration and water 

uptake from the soil. Modelling stomatal behaviour starts with physical analyses of gas exchange 

at the aperture. In one of the first systematic modelling works on stomatal conductance and 

transpiration rate, Jarvis (1976) applied the Penman-Monteith equation to the microenvironment 

at stomatal aperture and quantified the water potential due to transpiration. Thereafter, the effects 

of environmental factors are included to connect the formulated water potential and transpiration 

rate with local meteorology. The factors, namely photosynthetic photon flux density (PPFD, I), 

leaf temperature (Tl), water vapour pressure deficit (VPD, D), leaf water potential (ψl) and 

atmospheric CO2 concentration ( 𝒞a ), are directly linked with stomatal conductance ( 𝑔σ ) 

algebraically without expressing intermediate mechanisms. The interactions among the effects are 

omitted at synergizing. That is to say 

 𝑔σ(𝐼, 𝑇l, 𝐷, 𝜓l, 𝒞a) = 𝑔σ(𝐼)𝑔σ(𝑇l)𝑔σ(𝐷)𝑔σ(𝜓l)𝑔σ(𝒞a) (1) 

This simplified equation facilitates model calibration using data of one or several specific factors 

and partitioning their effects. Employing analogies to electrical network as well as statistical tools, 

Jarvis and McNaughton (1986) later developed this model to whole-leaf (mechanistically) and 

larger (e.g. whole-canopy, statistically) spatial scales. This series of models has been incorporated 

into widely used ecosystem- or global-scale ecological models (e.g. Sellers et al. 1986; Collatz et 

al. 1991; Cramer et al. 2001). Nevertheless, their applicability is limited by the absence of 1) 

interactions among environmental factors and 2) an explicit expression of photosynthetic processes. 

To improve in these aspects, a semi-process-based module on photosynthesis was added in for 

formulating stomatal functionality more mechanistically and holistically (Ball et al. 1987; Leuning 
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1995). The module is based on Fick’s law of diffusion, and thus assimilation rate (A) is expressed 

as 

 𝐴 = 𝑔σ(𝒞a − 𝒞i) (2) 

where 𝒞i is intercellular CO2 concentration, and for transpiration rate (E) 

 𝐸 = 1.6𝑔σ(𝒲i −𝒲a) ≡ 1.6𝑔σ𝐷 (3) 

where 𝒲i  and 𝒲a  are intercellular and ambient water vapour concentrations, respectively, 

between which the difference is essentially VPD (D), and 1.6 is the dimensionless ratio of H2O to 

CO2 diffusion rates. Despite the empirical simplification based on experiments to derive the 

expression of 𝑔σ  in similar forms of Eq. 1, the model’s physical basis enables mechanistic 

interpretations of guard cell functioning and further development of accounting for intercellular 

processes involving CO2 dynamics (Dewar 1995). Meanwhile, attempts of integrating models of 

stomatal control and root water flux were made by linking them via the effect of abscisic acid 

(ABA) concentration on osmotic water potential (e.g. Tardieu and Davies 1993). Tardieu and 

Davies (1993) have also improved the performance of earlier models (Ball et al. 1987; Leuning 

1995) on drought-stressed plants as these previous models’ empirical simplification fails to 

simulate the hydraulics under extremely dry conditions. Dewar (2002) combined these models 

within one mechanistic framework featuring guard cell osmotic balance, soil-to-root conductance 

as a function of soil water potential and whole-plant hydraulic network analysis. So far, this 

framework has been extended to cover hydraulic eco-physiology of trees across multiple scales 

and tested against various observations. Thus, it provides a paradigm for the present study on 

expanding the scope and applicability of another stomata model that features the optimality theory. 

The stomatal optimality model starts with Cowan and Farquhar’s (1977) definition that the 

optimal stomatal control realizes minimal summed water loss and maximal summed carbon gain 

during a time (e.g. a day). Hence, solving for optimal 𝑔σ  becomes an isoperimetric problem 

(Cowan 1982), i.e. a problem of a functional’s extrema with an isoperimetric constraint. With 

applying Fick’s law of diffusion (Eq. 2 and 3) again and the Euler-Lagrange equation, the optimal 

𝑔σ can be solved eventually in relation to D, I, 𝒞a and Tl (Hari et al. 1986; Hari and Mäkelä 2003; 

Mäkelä et al. 2004). The solution of steady-state optimal 𝑔σ has been reconciled with the earlier 

models (Jarvis 1976; Ball et al. 1987; Leuning 1995; Dewar 2002) on the canopy scale with minor 

mathematical simplification (Medlyn et al. 2011). Later theoretical studies have expanded the 

reconciled model to whole-tree applications for various objectives on detailed photosynthetic 

and/or hydraulic mechanisms. Sperry et al. (2017) accounted for xylem hydraulic vulnerability, 

analysed its impacts on stomatal responses, and concluded that stomata can adjust their aperture 

along a continuum of possible steady states depending on photosynthetic profit (i.e. 𝐴 − 𝐸). Hölttä 

et al. (2017) incorporated sugar transport into their model and showed how stomatal behaviour and 

whole-tree vascular structure can be linked through the marginal cost of water in assimilation or, 

in a mathematical term, the Lagrange multiplier in the Euler-Lagrange equation. Dewar et al. (2018) 

conducted a rigorous comparison of earlier models’ performances with non-stomatal limitations 

on photosynthesis and demonstrated the earlier formulations indeed converge significantly but also 

diverge in accuracy under varying Ca, which had not been focal in earlier discussions. Recently, 

Potkay et al. (2021) launched an important attempt to model carbon allocation using whole-tree 

hydraulic optimality model based on Hari et al. (1986) method, shedding light upon mechanistic 

modelling of biomass partitioning in trees. Additionally, similar reconciled optimization models 
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have also been applied to ecosystem or larger spatial scales using empirical (including probabilistic) 

tools for studying a range of eco-physiological topics, e.g. soil-organism water balance and impacts 

of drought on tree stands (Manzoni et al. 2013; Lin et al. 2015; Lu et al. 2020). 

Nonetheless, there are yet uncertainties and potentials of the whole-tree expansions of optimal 

stomata models. Firstly, the models have not been tested against continuously measured data at 

fine temporal resolution (e.g. ≤ 1 hour). Such a test typically forms an inverse problem in modelling, 

that is, calibrating the model’s parameters using observations of input variables. Thus, it demands 

a proper selection of parameters that reflect key eco-physiological traits, the use of prior knowledge 

for parameter estimation, and intensive computation. Once such a test is successful, the whole-tree 

optimal stomata model can potentially provide inputs for downstream models related to hydraulic 

processes, e.g. simulating the stem radial dimension (SRD). This is because both causes of SRD 

dynamics, namely, hydraulic changes and growth, depend on water potential, which is induced by 

transpiration. Cambial cell splitting must meet hydrostatic (turgor) potential threshold as a 

prerequisite (Lockhart 1965), and hydrostatic potential is also the direct driver of reversible xylem 

expansion and contraction induced by transpiration. Therefore, a coupled stomatal and growth 

model should provide a tool accounting for both hydraulic eco-physiology and growth, which 

should be an important supplement to the existing growth models that are mostly centralized 

around carbon gain (Fatichi et al. 2019). 

 

 

Modelling tree stem radial growth 

 

Tree growth is one of the natural phenomena with longest history of mathematical modelling. 

Traditional descriptive models of annual growth employ algebraically parsimonious formulae to 

describe year-to-year changes in biological attributes. For example, the Gompertz model 

(Gompertz 1825) is based on the generic hypothesis that the growth rate of an entity relative to its 

current state saturates at an asymptote. This simple but versatile model has earned successful 

applications to tree or stand growth (Winsor 1932; Thornley and Johnson 1990; Zeide 1993). More 

recent models are intended to formulate growth-related processes, especially carbon sequestration 

and allocation. For instance, the carbon-balance analysis of tree growth tracks the influxes, effluxes 

and allocations of carbon related to the organic system of the tree (Mäkelä and Valentine 2020). It 

formulates a tree as a set of component biomasses (masses of carbon), usually including foliage, 

fine roots, and woody tissues, and the growth of each component is a fraction of the tree’s net 

production (i.e. gross photosynthetic production minus respiration) subtracting the corresponding 

sector’s litter (McMurtrie and Wolf 1983; Mäkelä 1997). The allocation of photosynthates to the 

components is subject to environmental control (e.g. fine roots’ growth affected by soil water 

content) and interacts with (affects and receives feedback from) tree structure. Hence, carbon 

sequestration and allocation are the centre of such models, and environmental control mainly 

functions via these carbon fluxes.  

Carbon-balance growth models have been substantially expanded and performed well with a 

range of ecological modules, e.g. the competition for light (e.g. Valentine et al. 2000; Duursma 

and Mäkelä 2007; Härkönen et al. 2010), symbiosis with mycorrhizae (Mäkelä et al. 2022), and 

continental-scale carbon dynamics (e.g. Mäkelä et al. 2008; Peltoniemi et al. 2015; Tian et al. 2020). 

However, the central role of carbon gain in modelling growth or vegetation dynamics has been 

questioned by experimental observations stating that ecosystem GPP is not source-limited (Millard 

et al. 2007), and thus the direct environmental control of cambial/meristematic activities (‘sink 
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pathway’) has been suggested to act a more significant role in growth and vegetation models 

(Körner 2015; Fatichi et al. 2019; Friend et al. 2019). Such direct environmental effects on growth-

related sink activities become particularly influential when the studied temporal scale is finer than 

annual (e.g. daily or even hourly). This issue has been addressed in recent models. For instance, 

Schiestl-Aalto et al. (2015) incorporated the hydraulic requirement for cambial cell expansion into 

their daily-scale carbon-balance analysis, which also features a more detailed framework of non-

structural carbon (NSC) dynamics in the forms of sucrose and starch. Similar in methodology, 

Hayat et al. (2017) also began with carbon-balance analysis, modified it to express sink limitation 

using parameters, and presented a framework that reflects tree-age-related shift from source- to 

sink-limited growth. The models specifically focussed on cambial growth may feature a yet smaller 

role of carbon source. Hölttä et al. (2010) centred their model around the transport of water and 

photosynthates and their interaction on water potential regulation, and it provides a successful sink-

orientated method including more detailed physiological depiction. Using similar analyses, Chan 

et al. (2016) modelled both growth and hydraulic fluctuations, focussing also on the environmental 

effects direct on sink activities while assuming NSC always sufficient for cambial growth. The 

broad application of the linear displacement transducer or point dendrometer (Deslauriers et al. 

2007; Mencuccini et al. 2013) has facilitated testing the models at high temporal resolution (≤ 1 

day) while, however, also generated uncertainties. 

A foremost challenge in dendrometer application is related to disaggregating the observed SRD 

to reversible hydraulic changes and irreversible growth. A simple method is to either define the 

fraction of growth or simulate hydraulic fraction firstly and then take the other as the remainder. 

Zweifel et al. (2016) have suggested that water potential requirement for cell division and 

elongation can hardly be fulfilled during the daytime, and thus have defined growth simply as the 

increment between each two temporal maxima of SRD in the chrono-sequence, assuming zero 

growth in between. This method has earned wide applications (e.g. Schäfer et al. 2019; Eitel et al. 

2020; Güney et al. 2020) for its easy operation, but it may result in dubious growth detection during 

the winter (Zweifel et al. 2020). Also, the method causes information loss on the temporal scales 

finer than a day. Alternatively, hydraulic expansion and contraction may be modelled first and 

subtracted from dendrometer records, and growth is defined as the consequent difference (Chan et 

al. 2016; Mencuccini et al. 2017). Such modelling methods present mechanistic description of 

hydraulic processes at the original temporal resolution of data and can capture the dynamics well. 

However, similar to the challenge in parameterizing whole-tree expansions of stomatal models, 

difficulty in calibrating SRD models is also considerable, which has limited the application of the 

few models that simulate hydraulic and growth dynamics simultaneously (e.g. Steppe et al. 2006). 

Following these earlier models, the present study was aimed at modelling SRD caused by 

hydraulic dynamics and growth at high temporal resolution simultaneously and with easy 

parameterization. The simultaneous simulation should be realized by coupling a whole-tree 

expansion of optimal stomata model and a growth model focussed on sink activities through water 

potential, as depicted in the previous section. A model describing the enthalpy and entropies of 

enzymatic activation was chosen as the basis for its rigorous analysis and fewer inputs and 

parameters. This model was revived by Parent et al. (2010) from Johnson et al. (1942) biochemical 

analyses, and Parent and Tardieu (2012) and Cabon et al. (2020) later tested it on temperate crops 

and coniferous trees. However, it yet needed to be tested on boreal forests, whose low production 

(Cramer et al. 1999) questions the validity of assuming carbon source always sufficient throughout 

a growing season. Moreover, the model expresses only the instantaneous (cf. seasonal-scale) 

effects of the environment on cambial activities, which is challenged by the strong phenology in 

the boreal zone (Kramer et al. 2000; Delpierre et al. 2016a). Carbon source and cambial growth 
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phenology of boreal trees may correlate with each other in the following aspects. In early spring, 

low carbon gain may result in delayed growth onset, as boreal conifers ‘prioritize’ carbon storage 

over growth under constrained carbon gain (Huang et al. 2021). Also, if carbon gain fails to fulfil 

the trees' demand of soluble sugars that help defend against frost damages in early spring 

(Hartmann and Trumbore 2016; D’Andrea et al. 2021), the trees will experience a slower 

physiological recovery from wintry conditions and thus a later growth onset as well (Linkosalo et 

al. 2006; Begum et al. 2013). The duration of growth relates to carbon gain in the spring with 

respect to the accumulation of non-structural carbohydrates (NSC), whose dynamics are closely 

coupled with growth dynamics throughout the growing season (Schiestl-Aalto et al. 2015). 

Therefore, the integration of phenology and sink activity models should help balance between 

carbon gain and sink activities in modelling boreal trees’ growth. The coupled model of hydraulic 

eco-physiology and growth should yield outputs that can be directly compared with dendrometer 

observations without predefined disaggregation.  

The model at such a level of complexity often entails numerous parameters, and thus estimating 

them reasonably and efficiently is particularly important. In this regard, the fast-developing 

Bayesian techniques serve as remarkable tools, facilitated by prior knowledge provided by earlier 

modelling and experimental studies. 

 

 

Model parameterization using Bayesian statistics 

 

Bayesian statistics is a set of techniques that concern expressions of probability distribution and 

updating the probabilities using new data (Kruschke 2014). This updating process is called model 

parameterization or calibration (interchangeably) in the current study, which starts with the prior 

probability distribution of parameter values based on the knowledge before the current data and 

yields the posterior distributions i.e. probabilities of parameter values given the current data. 

According to Bayes’ theorem, parameters’ posterior probabilities are proportional to the product 

of their prior probabilities and data distribution i.e. probabilities of the current data given the 

current parameter values (Gelman et al. 2014). In practice, a Bayesian hierarchical model is 

commonly constructed, including levels of process, data and (optional) parameter models (Dietze 

2017). These levels correspond to the terms in Bayes’ theorem as follows. The process and data 

models are related to the errors between observed and simulated variables, i.e. model outputs 

(‘updated data’) given the current parameter values compared with prior observed data. 

Specifically, process model is the level that formulates the scientific questions and calculates the 

errors, and it includes the optimal stomata and SRD models in the current study. The data model 

describes the error probabilities using probability density function(s) (PDF) of error values (often 

termed likelihood function). The optional level of parameter model describes the prior probability 

distributions of parameter values, if any of the parameters are not identically and uniformly 

distributed. Thus, the total probabilities or total likelihood given the current data and parameter 

values is simply the product of the results of the PDFs in the hierarchical model. This total 

likelihood is updated after every iteration that samples new parameter values from the prior 

distributions, until the total likelihood is optimized at the maximum corresponding to the maxima 

a posteriori (MAP) estimates of the parameters.  

Bayesian inference has provided a logically straightforward approach to estimate parameters, 

and its practical efficiency has been enhanced by recent Markov chain Monte Carlo (MCMC) 

especially adaptive MCMC algorithms. In such an algorithm, several parallel simulations (‘chains’) 



16 
 

are started simultaneously, and each of them makes jumps from one sampling point of parameter 

values to the next following certain rules while also accounting the history of the successful jumps, 

judging by the consequent marginal change in likelihood (Vrugt et al. 2009; Gelman et al. 2014). 

Adaptive multi-chain MCMC is considerably more efficient than traditional random walk samplers 

(e.g. the Metropolis algorithm; Metropolis and Ulam 1949; Metropolis et al. 1953) in seeking the 

MAP estimates, and the level of convergence can be quantified using between- and within-chain 

variances (Gelman et al. 2014). 

Efficient parameterization techniques helped the current study estimate simultaneously a 

considerable number of parameters (30—120) of the coupled model with their priors obtained from 

eco-physiological literature. Consequently, the demand on observed data was reduced, and the 

coupled model requires only basic meteorological and soil measurement, namely, air temperature, 

relative humidity, PPFD, and soil water content (or water table depth), besides sap flow and SRD 

(by dendrometer) for output comparison. 

 

 
Objectives of the current study 

 
The objectives of the current model development formed a sequence from expanding the optimal 

stomata model for whole-tree application to coupling it with a cambial growth model, and each 

step was associated with tests against observations. The steps were 

1. Assume optimal hydraulics upstream to stomata and develop a statistical whole-tree model 

using Bayesian inference (I). 

2. Based on 1, model semi-mechanistically the hydraulic processes upstream to stomata, 

including water uptake by roots dependent on soil water content and the conductance 

between roots and foliage (II). 

3. Based on 2, model the radial dynamics of tree trunk, including those due to hydraulics and 

growth simultaneously (III). 

At all steps the aims also include good performance in tests against observational data.  

 
 
MODEL FRAMEWORK 

 
 
Lagrangian optimal stomata model (LOSM) 

 
Cowan and Farquhar (1977) defined stomatal behaviour as optimal when the summed water loss 

(transpiration) over a given time is minimal with respect to the summed carbon gain (assimilation) 

over the same period. This definition is equivalent to: If stomatal aperture is perturbed and the 

integrated perturbation of transpiration rate (E) is non-negative while that of assimilation rate (A) 

remains zero, then the unperturbed stomatal aperture (i.e. the original state before perturbation) is 

optimal. That is to say, with perturbed stomatal aperture, 
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 {
∫𝛿𝐸(𝑡)d𝑡 ≥ 0

∫𝛿𝐴(𝑡)d𝑡 = 0
 (4) 

Taking E as a function of A and rewriting it into an isoperimetric problem, Cowan (1982) expressed 

the optimality as 

 ∫[𝐸(𝐴(𝑡)) − 𝜆(CF)𝐴(𝑡)]d𝑡 = minimum (5) 

where λ(CF) is the Lagrange multiplier and the namesake of ‘Lagrangian optimal stomata model’ 

(LOSM) to term such models that employ similar mathematical methods of functional analysis. 

Clearly, 𝜆(CF) = 𝜕𝐸 𝜕𝐴⁄  at extrema, which lacks an intuitive physiological meaning and is difficult 

to be compared with experimental results directly. Therefore, Hari et al. (1986) made it inverse, 

and thus the optimality becomes (with the notation λ retained for convenience) 

 ∫[𝐴(𝑡) − 𝜆𝐸(𝑡)]d𝑡 = maximum (6) 

where λ happens to mean the marginal change of carbon gain per water cost or marginal water use 

efficiency (MWUE).  

The influx of CO2 follows its own gradient across stomata and is depleted by its photosynthetic 

use (assimilation, A; Eq. 2). Thus, the dynamics of 𝒞i is 

 𝒞i̇ ∝ 𝑔σ(𝒞a − 𝒞i) − 𝐴 (7) 

while the correlation between A and 𝒞i can be linearly approximated (under current ambient 𝒞a) 

as 

 𝐴 = 𝑓(𝐼)𝒞i (8) 

where 𝑓(𝐼) describes foliar reaction to PPFD (I). At equilibrium of 𝒞i, the stomatal conductance 

(𝑔σ
∗ ) fulfils 𝒞i̇ = 0, and from Eq. 7 and 8 it is solved as 

 𝒞i
∗ =

𝑔σ
∗𝒞a

𝑔σ
∗ + 𝑓(𝐼)

 (9) 

Combine Eq. 3, 6 and 9, and the optimal stomatal behaviour (over an arbitrary period t1 to t2) 

becomes 

 𝑔σ
∗ = arg

𝑔σ

max∫ (
𝑔σ𝒞a

𝑔σ + 𝑓(𝐼)
𝑓(𝐼) − 1.6𝜆𝑔σ𝐷) d𝑡

𝑡2

𝑡1

 (10) 

which, solved by applying the Euler-Lagrange equation, is 



18 
 

 𝑔σ
∗ = (√

𝒞a
1.6𝜆𝐷

− 1)𝑓(𝐼) (11) 

where the stomatal reaction to PPFD is 

 𝑓(𝐼) =
𝜄𝛾𝐼

𝜄𝐼 + 𝛾
 (12) 

where ι and γ, respectively, are the initial slope and the asymptote of the curve (Hari and Mäkelä, 

2003; Mäkelä et al. 2004). The expression of the optimal stomatal conductance in Eq. 11 and its 

modifications are frequently used throughout this dissertation and hereafter noted simply as 𝑔σ. 

The solution of 𝑔σ using λ(CF) and following Eq. 5 (cf. Eq. 6) is similar to Eq. 11, but λ(CF) would 

appear within the numerator instead of the denominator of the radicand (e.g. Medlyn et al. 2012). 

For more realistic simulations, respiration rate (R), photosynthetic acclimation to air 

temperature, and the minimum stomatal conductance can be addressed based on the basic LOSM 

(Eq. 11 and 12; I). The respiratory emission of CO2 offsets 𝒞a slightly in the microenvironment 

surrounding stomata and thus can be incorporated into Eq. 11 as 

 𝑔σ =

(

  
 √𝒞a − 𝑅 (

𝜄𝛾𝐼
𝜄𝐼 + 𝛾

)
−1

1.6𝜆𝐷
− 1

)

  
 𝜄𝛾𝐼

𝜄𝐼 + 𝛾
 (13) 

where 

 𝑅 = 𝑅0𝑄10
𝑇l(𝑇,𝐼) 10⁄

 (14) 

where Tl(T,I) is leaf temperature (a function of air temperature and PPFD), Q10 relative increase of 

R per 10 °C, and R0 the value of R at 0 °C (Hari and Mäkelä 2003; Mäkelä et al. 2004). The 

photosynthetic acclimation to temperature is a key process in boreal trees especially when air 

temperature fluctuates significantly (e.g. in early spring). This acclimation can be expressed by 

correlating ι (Eq. 12) and an internal status of the tree (S) instead of taking ι as a time-invariant 

parameter. The correlation is 

 𝜄 = max{𝑐(𝑆 − 𝑆0), 0} (15) 

where c is an estimated coefficient when S is higher than a threshold S0, and the dynamics of S is  

 �̇�(𝑡) =
𝑇l(𝑇(𝑡), 𝐼(𝑡)) − 𝑆(𝑡)

𝜏𝑆
 (16) 

where τS is the time constant of the acclimation and leaf temperature, and leaf temperature (Tl) is a 

function of air temperature (T) and I (Mäkelä et al. 2004; Kolari et al. 2007). These modifications 

(Eq. 13—16) took place in II and III. 

Additionally in III, the minimum stomatal conductance (𝑔0) was introduced, which is due to 

incomplete closure of stomata (Duursma et al. 2019), and its constant value was available from 
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literature (Heinsoo and Koppel 1999; Hari and Mäkelä 2003). 𝑔0 was used for calculating E (Eq. 

3) if 𝑔0 > 𝑔σ using Eq. 13. The rest of the model remains the same. 

 
 
Whole-tree application of LOSM 

 
The current study is based on the ‘big-leaf’ assumption when expanding LOSM to whole-tree 

application, that is, regarding a tree crown as a single homogeneous leaf with identical 

physiological properties. This sacrifice for simplicity may incur higher errors in prediction when 

in-crown heterogeneity affects the modelled processes (e.g. light extinction on photosynthesis), 

but the estimated parameters using Bayesian tools still represent well the average properties of the 

crown, and the detailed sub-models expressing the heterogeneity (e.g. the Beer-Lambert law on 

light extinction) can be easily implemented subsequently. In practice, an extremely simplistic 

approach to applying LOSM to whole trees is to assume that water uptake or transport does not 

limit transpiration or assimilation (e.g. carboxylation efficiency and capacity, and mesophyll 

conductance), and thus such non-stomatal factors are omitted from the model. This assumption is 

sensible for a short study period when environmental factors are stable and favourable for the trees. 

In this case, the parameters of Eq. 11 and 12 can be assumed time-invariant over a period of 8—9 

days and directly estimated using a data model (I). In the yearly-scale studies on trees under 

variable temperature, PPFD and soil water conditions, however, non-stomatal limitations on 

assimilation must be considered. These additional constraints mean that the optimization criterion 

becomes (cf. Eq. 6) 

 ∫[𝐴(𝑡) − Θ(𝐸(𝑔σ(𝑡)),⋯ )]d𝑡 = maximum (17) 

where Θ is the total assimilation deficit (or ‘carbon cost’) due to transpiration (E) and non-stomatal 

limitations (e.g. whole-tree water transport and carboxylation capacity). Therefore, the key to 

expanding LOSM to whole-tree applications is to integrate the non-stomatal limitations with 

stomatal optimality and thus formulate Θ. Regarding this issue, a thorough work has been 

undertaken by Dewar et al. (2018; but without waterlogging effects as in the current study), who 

examined two hypotheses in which, respectively, carboxylation capacity (CC) and mesophyll 

conductance were associated with reduced leaf water potential due to transpiration. The present 

study (II, III) followed their analysis of the CC hypothesis combined with Cowan-Farquhar-style 

(CF) LOSM to show that Θ can be numerically approximated using λ as a function of whole-tree 

(i.e. soil-to-leaf) hydraulic conductance (ksl).  

Dewar et al. (2018) analysed the CC hypothesis and the CF optimality separately at the 

beginning. For the CC hypothesis, instead of formulating E, they expressed the water-related costs 

in A as a linear impact (𝜑 ∈ [0,1]) of decreasing leaf water potential (𝜓l ∈ [𝜓A0, 0], where 𝜓A0 <
0 is a critical value of ψl) on CC (i.e. CO2-saturated photosynthetic rate; 𝒱c

max) and 2) an infinite 

mesophyll conductance so that CO2 concentration inside chloroplasts equals 𝒞i , Dewar et al. 

(2018) have demonstrated that at optimal 𝑔σ the net photosynthetically effective intercellular and 

atmospheric CO2 concentrations have such a ratio 

 
𝒞i − Γ∗

𝒞a − Γ∗
=

1

1 + √𝜁CC
 (18) 
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where  

 𝜁CC =
1.6𝐷𝒱c

max

𝑘sl|𝜓A0|(ℳ + Γ∗)
 (19) 

where Γ* is the photorespiratory compensation point, 𝒱c
max the maximum carboxylation capacity 

without non-stomatal limitation, ksl soil-to-leaf hydraulic conductance, and ℳ  the Michaelis 

constant for the Michaelis-Menten kinetics of CO2. Following a similar analysis but applying CF 

optimality (Cowan and Farquhar 1977; Cowan 1982) yields 

 
𝒞i − Γ∗

𝒞a − Γ∗
=
1 − √𝜁CF +

1.6𝜆𝐷
𝒞a − Γ∗

(1 − 𝜁CF)

1 − 𝜁CF
 (20) 

where 

 𝜁CF =
1.6𝜆𝐷

ℳ + Γ∗
 (21) 

Note that here 𝜆 = 𝜆(CF)
−1  (sensu Hari et al. [1986], Eq. 5 and 6) is used. Thereafter, Dewar et al. 

(2018) combined the CC hypothesis and the CF optimality by substituting 𝜁CF in Eq. 20 with 

 𝜁CC + 𝜁CF =
1.6𝐷(𝒱c

max + 𝜆𝑘sl|𝜓A0|)

𝑘sl|𝜓A0|(ℳ + Γ∗)
 (22) 

Combined Eq. 20 and 22 can be solved for 𝜆(𝑘sl), and the result is 

 𝜆 =
(ℳ + Γ∗)(𝒞a − 𝒞i)

2

1.6𝑦𝐷
+
𝒱c
max(𝒞i − Γ∗)2

𝑘sl|𝜓A0|𝑦
 (23) 

where 

 𝑦 = 𝒞i
2 + Γ∗(𝒞a − 2𝒞i) +ℳ(𝒞a − Γ∗) (24) 

Eq. 23 shows that λ and ksl are approximately inversely correlated. Hence, for a simpler practice, 

the correlation may be approximated by (Hölttä et al. 2017) 

 lg 𝜆 = 𝑧0 + 𝑧1 lg (
𝑘sl
𝑘0
) (25) 

where k0 is the base-case xylem conductance without embolism, and z0 and z1 coefficients (both 

negative). This approximation performs well within the reasonable range of ksl (Figure 1). Combine 

Eq. 25 and 𝜆 = 𝜕𝐴 𝜕𝐸⁄ = 𝜕Θ 𝜕𝐸⁄  (Wolf et al. 2016), integrate over E, and there is 

 Θ = 10𝑧0 (
𝑘sl
𝑘0

)
𝑧1

𝐸(𝑔σ) (26) 



21 
 

 

 

 

which numerically approximates the total assimilation deficit due to stomatal behaviour (𝑔σ), 

whole-tree xylem transport (ksl), and non-stomatal constraints on assimilation (𝒱c
max, ℳ, and Γ*). 

Take ksl as a series of two components, soil-to-root (ksr) and root-to-leaf (krl) conductances, and 

thus 

 𝑘sl
−1 = 𝑘sr

−1 + 𝑘rl
−1 (27) 

Empirically, a tree’s krl can be estimated using the maxima of its sap flow density (J) and the 

difference between soil (ψs) and leaf water potentials (Duursma et al. 2008; Martínez-Vilalta et al. 

2009), i.e. 

 𝑘rl =
max{𝐽(𝑡)}

𝜌lwmax{|𝜓s − 𝜓l|}
 (28) 

where ρlw is all-sided leaf to sapwood area ratio for converting krl to be per leaf area and thus in 

accordance with E’s unit. Under low to medium water contents, ksr is typically in a positive 

correlation with (volumetric) soil water content (SWC, θ), which can be modelled via ψs as 

(Duursma et al. 2008) 

 𝑘sr
+ (𝜓s) =

2π𝜌rl
ln 𝜌rr

𝐾sat (
𝜓e

𝜓s

)
2+

3
𝑏
 (29) 

where ρrl and ρrr are root length to all-sided leaf area and rhizosphere to mean hydraulically active 

root diameters ratios, respectively, Ksat saturated soil hydraulic conductivity, ψe soil water potential 

of air entry, b a coefficient related to the soil retention curve (Newman 1969; Campbell 1974), and 

 𝜓s
mineral = 𝜓e (

𝜃

𝜃sat
)
−𝑏

 (30) 

Figure 1 The analytic expression 

of λ(ksl) (Eq. 23 and 24, blue shade 

corresponding to 𝒞i 𝒞a⁄  ∈ [0.5,0.7] 

and blue line the shade’s mean) 

and its numerical approximation 

(Eq. 25, pink line). For Eq. 23 and 

24, ℳ = 11.153 × 10-6 mol mol-1 

(Galmés et al. 2016), 𝒱c
max = 8.75 

× 10-6 mol m-2 s-1 (Kellomäki and 

Wang 1996), D the mean of 

observations in II, and 𝒞a, Γ
* and 

ψA0 as of Dewar et al. (2018). For 

Eq. 25, z0 = -3.69, z1 = -0.56, which 

are within their respective prior 

ranges in III. 
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where θsat is saturated SWC (Clapp and Hornberger 1978; Cosby et al. 1984; Duursma et al. 2008). 

Thus, Eq. 29 and 30 may be combined and simplified to  

 𝑘sr
mineral = 𝑘sr

+ (𝜃) = 𝜉m (
𝜃

𝜃sat
)
𝜉p

 (31) 

where ξm and ξp are coefficients lumped from Eq. 29 and 30. This form of power function has been 

supported by experimental observation (Poyatos et al. 2018) and was used for modelling ksr of 

mineral soils in the current study.  

Waterlogging effects of excess SWC on ksr lacked direct observation for continuous 

quantification. Nevertheless, in experiment it has been found that the decline in belowground 

conductance relative to optimal SWC due to drought and flooding treatments is of a similar degree 

(Domec et al. 2021). Additionally, existing models on oxygen diffusivity in soil are generally in 

the form of power function as well (e.g. Penman 1940; Moldrup et al. 1996). Therefore, a form 

algebraically symmetrical to Eq. 31 was designed to reflect the negative correlation between ksr 

and SWC (𝑘sr
− (𝜃)) with utilizing the information on available soil porosity for gases (1 − 𝜃 𝜃sat⁄ ) 

and optimal SWC (θ*) (II), that is, 

 𝑘sr
− (𝜃) = 𝜂m (

2𝜃∗ − 𝜃

𝜃sat
)
𝜂p

 (32) 

where ηm and ηp are coefficients that should fall into similar value ranges of ξm and ξp (Eq. 31), 

respectively. Then, a ‘plateau’ segment or the optimal ksr (𝑘sr
∗ (𝜃∗)) connects the curves of 𝑘sr

+  and 

𝑘sr
−  such that it covers a prescribed range of water table depth (WTD; e.g. 15 cm [III] or 20 cm [II] 

according to prior knowledge, and WTD can be converted to SWC using Eq. 51). Finally, the 

overall ksr(θ) in peatland is determined by 

 𝑘sr
peat

= min{𝑘sr
+ , 𝑘sr

− , 𝑘sr
∗ } (33) 

 

 

Stem radial dimension (SRD) model 

 
SRD in the current model refers to tree’s diameter (DBH) or radius (RBH) at breast height (lBH), 

of which the dynamics are due to reversible elastic changes and irreversible growth (III), i.e. 

 𝑙ḂH = 𝑙ėla + 𝑙ġro (34) 

where l̇ela is driven by the dynamics of water potential at breast height via the (linear) modulus of 

elasticity (MOE, ℰ). When the water potentials of xylem and cambium are assumed to equilibrate 

instantly and cambial osmotic potential (𝜓Π
cam ) is assumed constant, the dynamics of turgor 

pressure of the cambium at breast height (�̇�p
cam) can be used for modelling l̇ela instead of the total 

water potential dynamics, as �̇�xylem = �̇�cam = �̇�p
cam + �̇�Π

cam + �̇�g
cam  and �̇�Π

cam = 0, �̇�g
cam = 0 

(gravitational potential). Hence 
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 𝑙ėla =
�̇�p
cam

ℰ
𝑙0 (35) 

where l0 is the initial value of lBH. The assumption of constant 𝜓Π
cam is based on field observations 

on boreal conifers (Paljakka et al. 2017) and previous practice using a similar model (Cabon et al. 

2020). The water potential at breast height in the xylem can be estimated using ψs and the sap flow 

(J(O)) and conductance (ksb) between soil and breast height, analogous to Ohm’s law for an electrical 

network. Thus, 

 �̇�cam(𝑡) = �̇�p
cam(𝑡) = �̇�xylem(𝑡) = �̇�s(𝑡) −

d

𝜌lwd𝑡
(
𝐽(O)(𝑡)

𝑘sb(𝑡)
) (36) 

Note, again, that gravitational potential difference between soil and breast height is time-invariant 

and thus cancelled from the right-hand side of Eq. 36 by the differentiation with respect to time. 

ψs can be estimated for mineral soils using Eq. 30 and for peat using (van Genuchten 1980; Hallema 

et al. 2015) 

 𝜓s
peat(𝜃) = −

[
 
 
 (

𝜃 − 𝜃res
𝜃sat − 𝜃res

)
−4.4248

− 1

0.0231
]
 
 
 
0.774

(cm) × 98.2 (Pa cm−1) (37) 

The soil-to-breast height conductance ksb in Eq. 36, similar to Eq. 27, follows 

 𝑘sb
−1 = 𝑘sr

−1 + 𝑘rb
−1 (38) 

where ksr is the same as in LOSM (Eq. 29—32). The root-to-breast height conductance (krb) relative 

to krl is correlated with the distance between roots (the average depth where water uptake is the 

most active) and breast height (hrb) relative to root-to-leaf hydraulic transport distance (hrl). This 

correlation is derived from the correlation between hydraulic conductivity (K) and transport 

distance, 𝐾 ∝ √ℎ (Nikinmaa et al. 2014), and the definition of k using K, 𝑘 ≝ d𝐾 dℎ⁄ . Hence, 

 
𝑘rb
𝑘rl

= √
ℎrl
ℎrb

 (39) 

and thus the conductances in Eq. 38 can be evaluated using tree height. 

Although the assumption �̇�xylem = �̇�cam  is good when xylem is the sole water source for 

cambium, noticeable expansion and contraction of lBH associated with rain events were observed 

in III without corresponding signals in SWC or WTD, suggesting rainwater uptake possibly 

through lenticels which became an additional water input of cambium. Therefore, the pressure 

potential difference between bark and cambium (Δψbc) water in the bark was incorporated into 

�̇�p
cam based on Eq. 36. The bark was analysed as an ‘RC (resistor-capacitor) circuit’ embodying 

hydraulic capacitance (𝐶b) and conductance between bark and cambium (kbc), charged by rainwater 

(ubin) and discharged by cambium (ubc). The definitions of 𝐶b ≝ 𝜕𝑞b 𝜕(∆𝜓bc)⁄  and bark MOE 

ℰb ≝ 𝜕(∆𝜓bc) (𝜕𝑙b 𝑙b0⁄ )⁄  can be combined by expressing qb as bark water quantity per bark area 

(i.e. a ‘thickness’ in e.g. mm) and thus 𝜕𝑞b ≡ 𝜕𝑙b. Hence, 
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 𝐶b ≝
𝜕𝑞b

𝜕(∆𝜓bc)
=

d𝑞b d𝑡⁄

d(∆𝜓bc) d𝑡⁄
=
𝑙b0
ℰb

 (40) 

and thus, at any time point tx within the study period, the marginal change of Δψbc is 

 d(∆𝜓bc(𝑡𝑥))

d𝑡
=
�̇�b(𝑡𝑥)

𝐶b
=
𝑢bin(𝑡𝑥) − 𝑢bc(𝑡𝑥)

𝑙b0 ℰb⁄
 

= [𝑢bin(𝑡𝑥) −
ℰb𝑘bc
𝑙b0

∫ �̇�b(𝑡)d𝑡
𝑡𝑥

0

]
ℰb
𝑙b0

 

(41) 

Note that the initial state 𝑞b(0) = 0 and thus 𝑞b(𝑡𝑥) ≡ ∫ �̇�b(𝑡)d𝑡
𝑡𝑥
0

. The water input is given by 

 𝑢bin(𝑡) = min{℘(𝑡), 𝑢bin
max} (42) 

and the maximum value 𝑢bin
max was evaluated experimentally (Gimeno et al. 2022). d(∆𝜓bc) d𝑡⁄  is 

added to Eq. 36 to include rainwater effects in �̇�p
cam, i.e. 

 �̇�cam(𝑡) = �̇�p
cam(𝑡) = �̇�s(𝜃(𝑡)) −

d

𝜌lwd𝑡
(
𝐽(𝑡)

𝑘sb(𝑡)
) +

d(∆𝜓bc(𝑡))

d𝑡
 (43) 

which is used in Eq. 35. 

The model of growth dynamics (l̇gro in Eq. 34) is based on a sink limitation growth model 

focussed on enzymatic activation of cambium (Johnson et al. 1942; Parent et al. 2010; Cabon et al. 

2020). The key environmental factors of the sink activities are temperature (T) and turgor at the 

place of interest (breast height in the current study) (Lockhart 1965). As the model is aimed at 

capturing the dynamics of cell number or SRD, it simulates only the enlargement phase of 

xylogenesis while disregarding the other phases (e.g. wall thickening) that have little impact on 

cell number or SRD. It is assumed that a cambial cell’s volume (V) must double before a new cell 

is generated by splitting. Thus, from the macroscopic perspective, growth within an arbitrary 

period t1 to t2 can be formulated by counting the number of times of cambial cell doubling (ND) 

within the period, which is 

 𝑁D = log2
𝑉(𝑡2)

𝑉(𝑡1)
=
ln𝑉(𝑡2) − ln𝑉(𝑡1)

ln 2
=

1

ln 2
∫

�̇�(𝑡)

𝑉(𝑡)
d𝑡

𝑡2

𝑡1

 (44) 

Define the linear (as opposed to volumetric, for the consistency of the current model framework, 

e.g. Eq. 43) cell expansion rate as ℊ ≝ �̇�c 𝒹c⁄ = (�̇� 𝑉⁄ ) 3⁄  (𝒹c, radial diameter of cambial cell), 

assuming the relative expansion rate identical on all the three dimensions of the cell. Introduce ℊ 

into Eq. 44, upscale it to the whole cambium, and the growth rate becomes 

 𝑙ġro = 𝑁c�̇�D𝒹̅c = 𝑁c

ℊ

ln 2
𝒹̅c (45) 

where Nc is the number of active cambial cells in one radial file, 𝒹̅c the average 𝒹c, and ℊ is driven 

by turgor (𝜓p
cam) and temperature over respective thresholds (Lockhart 1965). However, to avoid 
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uncertainties in estimating 𝜓Π
cam and be consistent with the previous modelling work (Cabon et al. 

2020), threshold 𝜓ℊ0 is set on total water potential at breast height (𝜓cam) instead of 𝜓p
cam, Thus, 

 ℊ = {
𝜙(𝑇) ∙ (𝜓cam − 𝜓ℊ0), 𝜓cam ≥ 𝜓ℊ0

0, 𝜓cam < 𝜓ℊ0

 (46) 

where 𝜓cam = ∫ �̇�cam(𝑡)d𝑡 − ∆𝜓g using Eq. 43 (Δψg, gravitational potential difference between 

soil and breast height). Note that (𝜓cam − 𝜓ℊ0) is still the difference in turgor as 𝜓Π
cam is assumed 

constant. When 𝑇 ≥ 𝑇0 (the threshold temperature), the linear cell wall extensibility (ϕ(T)) in Eq. 

46 depends on the characteristics of the trees’ enzymatic system, namely, the enthalpy of activation 

(ΔΗa) and the enthalpy (ΔΗd) and entropy (ΔSd) differences between the active and inactive states. 

It is formulated as 

 

 𝜙(𝑇) =

{
 
 

 
 
𝜙max

𝛼(𝑇 + 273.15)exp (
∆𝐻a

8.3145 (𝑇 + 273.15)
)

1 + exp [
∆𝑆d

8.3145
(1 −

∆𝐻d

∆𝑆d(𝑇 + 273.15)
)]

, 𝑇 ≥ 𝑇0

0, 𝑇 < 𝑇0

 (47) 

 

where α is a scaling coefficient such that 𝜙(303.15 K) = 𝜙max. 

Despite the growth model’s biological basis (Johnson et al. 1942) and its tests on temperate 

crops and trees (Parent and Tardieu 2012; Cabon et al. 2020), its applicability to boreal forests was 

uncertain. The strong phenology driven by temperature and water conditions (Kramer et al. 2000; 

Delpierre et al. 2016a) may suppress sink activities via carbon availability due to the low net 

primary production (NPP; Cramer et al. 1999). Therefore, a module accounting for the seasonality 

of Nc was added in the current study (III). It has been found that Nc during growing season can be 

described well by the derivative of the Gompertz function (Cuny et al. 2013). Here it takes the 

form 

 𝑁c(𝑡) = 𝑁c
max

𝑚𝒯

𝜏G
exp [−𝑚 exp (−

𝑡

𝜏G
) −

𝑡

𝜏G
] (48) 

where m and τc are the displacement and (inverse) rate parameters, respectively, 𝑁c
max  the 

maximum value of Nc (evaluated as the constant Nc given by Cabon et al. [2020]), and the time 

unity 𝒯 (e.g. 1 h) is to unify the unit of the equation. Substitute Nc in Eq. 43 with Eq. 46, and thus 

 
𝑙ġro = 𝑁c

max
𝑚𝒯

𝜏c
exp [−𝑚 exp (−

𝑡 − 𝑡0
𝜏c

) −
𝑡 − 𝑡0
𝜏c

] ∙
ℊ

ln 2
𝒹̅c 

(49) 

The entire formulation hereby is referred to as full model (FM), and its simulation of SRD was 

compared with that of two alternative models (AMs) for testing the necessity of the Gompertz 

function (Eq. 46). AM1 uses only the mechanistic model of enzyme metabolism and cell expansion 

for simulating �̇�gro  without Eq. 48 and, to the contrary, AM2 uses only Eq. 48 without the 

mechanistic model. Hence, in AM1 𝑁c
(AM1)

≡ 𝑁c
max in Eq. 45, and in AM2 the mechanistic model 

of growth (Eq. 46 and 47) is not used, (𝜓cam − 𝜓ℊ0) is set to 1 MPa constantly for arithmetic  
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Figure 2 (facing page) Schematic framework of the models. See Symbols and Modelling 

framework for details of the symbols and equations. The green, orange and purple frames are the 

scopes of I, II and III, and black squares and circle are data and parameter models, respectively. 

 

 
convenience, and thus ℊ(AM2) ≡ 𝜙max ∙ 1 MPa  in Eq. 49 where 𝜙max  is still an estimated 

parameter. The rest of the model structure and parameterization method remained the same as for 

FM. 

 

 
Data and parameter models 

 
In I and II, the process model is the whole-tree LOSM and calculates the error (εL) between 

modelled transpiration rate (E(M), using Eq. 3 with optimal 𝑔σ by Eq. 11[I] or 13 [II]) and observed 

sap flow density (J(O)) per leaf area, i.e.   =  (O) 𝜌lw⁄ −  (M). In III, the process model includes 

the whole-tree LOSM and the SRD model, each of which has its own error matrix, i.e. εL defined 

the same as in II, and  D =  BH
(O)

−  BH
(M)

 (for each tree and each year if multiple-year data were 

available, 𝑙BH(𝑡𝑥) = ∫ 𝑙ḂH(𝑡)d𝑡
𝑡𝑥
0

 for any time point tx within the study period. When the temporal 

scale of study was finer than a day (I, III), a time lag (χ) was introduced into the calculation of εL 

to account for the time difference between the dynamics of J(O) and E(M) mainly due to water 

storage in the tree (but see Hölttä et al. [2015] for the effects on χ associated with the method of 

sap flow measurement). In this case, either χ was a parameter directly estimated (I) or the 

proportion between χ and tree height h (III; i.e. the β in 𝜒 = 𝛽ℎ, according to a finding in I) was 

an estimated parameter.  

Data models include the PDFs of εL (I, II, III) and εD (III), and in III the total product of the 

two PDFs’ results was maximized. A parameter model is present in I to describe the distribution 

of ρlw related to tree age/size (McDowell et al. 2002), whereas ρlw in II and III was not a parameter  
but calculated using measured h, DBH (Repola 2009) and specific leaf area (SLA). In II and III, 

all the parameters were assumed independently and uniformly distributed a priori, and thus 

parameter model is absent therein. The PDF of the normal (Gaussian; II), Laplace (I, III) and 

heavy-tailed Gaussian (I; Sivia and Skilling 2006) distributions were selected for the data and 

parameter models, according to prior knowledge and pilot runs using default parameter values. 

The scheme of the modelling framework is presented in Figure 2. 

 

 

MATERIALS AND METHODS 

 

 
Study sites and sample trees 

 
The study sites were at Hyytiälä Forest Station, Juupajoki (I, III), Sattasuo, Rovaniemi (II), and 

Ränskälänkorpi, Asikkala (III), Finland (Table 1). The studied trees were of the dominant species 

Scots pine (Pinus sylvetris L.) at Hyytiälä and Sattasuo and Norway spruce (Picea abies (L.) H. 

Karst.) at Ränskälänkorpi (Table 2). At Hyytiälä for I, the plots of young (age < 60 years) and old 
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(age > 130 years) Scots pine trees were in different site types (VT vs OMT/MT; sensu Lehto 1964) 

and with a distance of c. 500 m in between. For III two trees were selected from the stand close to 

the young plot of I. Sattasuo and Ränskälänkorpi are peatland drained by ditches since c. 1960’s. 

In March 2021 before the growing season began, selection harvest was undertaken at a block of 

forest (selection harvest block, SHB) at Ränskälänkorpi to render the basal-area density of Norway 

spruce to 12.0 m2 ha-1 vs 35.8 m2 ha-1 in the control block (CB). SBH and CB were c. 190-m distant 

from each other but of the same site type (MT) (Laurila et al. 2021). 

 
 

 

 

 

Table 1 Information on study sites. 

 

Name Hyytiälä (I, III) Sattasuo (II) Ränskälänkorpi (III) 

Coordinates 61.8°N, 24.3°E 66.5°N, 26.7°E 61.2°N, 25.3°E 

Landscape Coniferous forest 
Wooded drained 

peatland 

Wooded drained 

peatland 

Mean summer 

temperature (°C) 

15.15 (June—July, 

2009—2018) 

15.0 (July, 1981—

2010) 

16.6 (July, 1981—

2010) 

Mean precipitation 

(mm yr-1) 

190.9 (June—July, 

2009—2018) 

505 (annual, 1981—

2010) 

600 (annual, 1981—

2010) 

Site type[a] / 

productivity 

OMT/MT (I) 

VT (I, III) 
Medium MT 

Dominant tree 

species (DTS) 
Pinus sylvestris P. sylvestris Picea abies 

DTS density[b] -- 91 m3 ha-1 

12.0 m2 ha-1 

(thinned),  

35.8 m2 ha-1 (control) 

Study period 
9—27 July 2018 (I) 

2015—2019 (III) 
2008—2011 

March—September 

2021 

Time resolution of 

study 

10 min (I) 

30 min (III) 
1 day 30 min 

Reference 
Hari and Kulmala 

(2005) 

Stenberg et al. 

(2018) 
Laurila et al. (2021) 

[a] Site type: OMT, Oxalis-Vaccinium myrtillus type (mesic and productive); MT, V. myrtillus type 

(mesic); VT, V. vitis-idaea type (sub-xeric). 
[b] Note the difference in expression between II (wood volume density, m3 ha-1) and III (basal area 

density, m2 ha-1).  
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Table 2 Information on the sample trees. For Hyytiälä (III) the properties of the trees at the 

beginning (2015) and the end (2019) of study period are shown, while elsewhere the value ranges 

of all sample trees are displayed. DBH, diameter at breast height; sd, standard deviation; Y, 

young; O, old; C, control; Th, thinned. 

 

Site Hyytiälä (I) Hyytiälä (III) Sattasuo (II) Ränskälänkorpi (III) 

Species Pinus sylvestris P. sylvestris P. sylvestris Picea abies 

Number of 

trees 
5 (Y) + 6 (O) 2  “P” & “S”  6 4 (C) + 7 (Th) 

Age at study 

time 

(mean ± sd) 

(year) 

Y: 50—52  

(51 ± 1.0) 

O: 132—177  

(149 ± 16.5) 

c. 50—55 66—87 

C: 43—78  

(63.3 ± 16.0) 

Th: 47—87  

(60.4 ± 15.3) 

Height  

(mean ± sd) 

(m) 

Y: 16.0—20.9 

(18.5 ± 1.7) 

O: 31.0—36.8 

(34.3 ± 1.9) 

P: 17.9—19.2 

S: 18.4—19.7 

11.2—14.0 

(12.2 ± 1.1) 

C: 13.6—22.2  

(16.4 ± 3.9) 

Th: 10.9—23.3  

(17.1 ± 4.4) 

DBH  

(mean ± sd) 

(cm) 

Y: 17.3—23.9 

(20.9 ± 2.4) 

O: 43.0—51.5 

(47.7 ± 2.6) 

P: 22.3—23.8 

S: 21.8—22.9 

12.9—17.5 

(15.1 ± 1.6) 

C: 12.1—28.0 

(17.5 ± 7.2) 

Th: 9.5—26.1 

(17.1 ± 5.9) 

 

 
Sap flow measurement 

 
At Hyytiälä (I, III) and Sattasuo (II), sap flow density of the sample trees was measured by the 

thermal dissipation method (Granier 1987; Lu et al. 2004). One (II, III) or four (I) pair(s) of c. 

3.5-cm-long Type T thermocouple probes, one heated (HP) and the other reference (RP) in each 

pair, were mounted to each sample tree at breast height (c. 1.3 m from the ground) on its north side 

(II) or four ordinal directions (NW, SW, SE, NE; I). In all cases, RP was directly below HP by c. 

10 cm, and the constant heating power to each HP was 0.2 W. All the probes were protected by 

aluminium foil or boxes with ventilation holes. 

The voltage difference (ΔU) between HP and RP was measured every half (I) or one minute 

(II, III) and averaged and recorded every 10 min. The raw sap flow density (mol m-2 s-1, converted 

from m s-1) was calculated using (Lu et al. 2004) 

 𝐽(O) = 118.99 × 10−6 (
∆𝑈∗ − ∆𝑈

∆𝑈
)
1.231

∙
106 g m−3

18.01528 g mol−1
 (50) 
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where the baseline voltage difference (ΔU*) was determined according to the criteria given by 

Baseliner 4.0 (Oishi et al. 2008; Oishi et al. 2016). The raw results of Eq. 50 were adjusted by 

sapwood depths of the trees (I, II; Clearwater et al. 1999; Berdanier et al. 2016) and area fractions 

of the four directions (I). 

At Ränskälänkorpi (III), sap flow density was measured using heat pulse velocity sap flow and 

water content sensors (HPV-06, Implexx Sense, Australia). Mounted on the trees’ south side at 

breast height, each sensor comprises three 30-mm-long probes, two heated with the other reference 

in the middle, with a 6-mm distance between each two. The sensors were covered similarly as in I 

and II. Temperature differences at 10 mm (inner in the xylem) and 20 mm (outer) from the probes’ 

tips following heat pulse were recorded every 15 min and converted to sap flow rate (L h-1) using 

the built-in species- specific calibration of the device. The average of the inner and outer readings 

was used for calculating J(O) per measured sapwood area at breast height. 

 

 
Environmental variables 

 
Air temperature, relative humidity, and PPFD data were collected from the system of Stations for 

Measuring Forest Ecosystem-Atmosphere Relations (SMEAR) for Hyytiälä (I, III) or measured at 

the sites at Sattasuo (II) and Ränskälänkorpi (III). At Sattasuo and Ränskälänkorpi, WTD was 

recorded automatically within evenly distributed plastic tubes into the ground around the sample 

trees (Intech Instruments Ltd, Dataflow Systems Ltd, New Zealand), supplemented with occasional 

manual measurement. During modelling, WTD (d) was converted to SWC (θ) using 

 𝜃 = 𝜃res +
𝜃sat − 𝜃res

[1 + (0.072 𝑑)1.371]1−1.371
 1 (51) 

where θres is the residual SWC (van Genuchten 1980; Leppä et al. 2020; II, III). 

The time resolutions of the environmental data were unified with the respective sap flow 

measurements at Hyytiälä and Ränskälänkorpi (I, III; Table 1) by averaging the variables in finer 

time resolutions. VPD was calculated from air temperature and relative humidity before the 

averaging. At Sattasuo (II), the median of the maxima 10% by ranking of each day was extracted 

as daily-level data of the environmental variables as well as sap flow density before applying them 

to the model. In the case of yearly or longer study periods (II, III), only the data (of sap flow and 

environmental variables) within the growing season were used. Growing season was defined at the 

fifth consecutive day with daily mean 𝑇 ≥ 5℃ (II) or the first day with 𝑆 ≥ 0 ℃ (Eq. 16) (III). 

The difference between the two definitions was small (< 10 days). 

 

 
Stem radial dimension 

 
Point dendrometer with 1-µm accuracy (AX-5, Solartron Metrology, UK) was installed on each 

sample tree at breast height (III). The outer bark at the measurement locations was removed prior 

to the installation, and the sensors were installed against the inner bark (i.e. phloem). At 

Ränskälänkorpi, each dendrometer was installed through a plate, which was attached to the tree 

using metal rods penetrating into the heartwood. Both the plates and the rods were made of Invar 

(FeNi36 alloy) known for near-zero thermal expansion. At Hyytiälä, the dendrometers were  
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Table 3 Information on the estimated parameters of the whole-tree LOSM. See Symbols for their 

definitions and typical units. First use refers to the first equation in the main text in which the 

parameter is used while the dash sign (–) denotes those not presented. In Specificity, AG, Tr, and 

– denote age-group-, tree-, and non-specific (i.e. one value for all sample trees) parameters, 

respectively.  

 

Parameter First use Specificity Study Reference of prior range 

λ Eq. 6 AG I Hari and Mäkelä (2003) 

ι Eq. 12 AG I ibid. 

γ Eq. 12 
AG I 

Markkanen et al. (2001) 
Mäkelä et al. (2004) 
Kolari et al. (2014) 

– II, III I 

ρlw Eq. 28 Tr I 
Vanninen et al. (1996) 
McDowell et al. (2002) 

χ – Tr I Phillips et al. (1997) 

β – [a] – III I 

ξm Eq. 31 
Tr II Päivänen (1973) 

Duursma et al. (2008) 
Nikinmaa et al. (2013) Tr, year III 

ξp Eq. 31 – II, III ibid. 

ηm Eq. 32 
– II 

ibid. 
Tr III 

ηp Eq. 32 – II, III Moldrup et al. (1997) 

d* Eq. 32[b] – II, III Hökkä et al. (2021) 

z0 Eq. 25 
– III Hari and Mäkelä (2003) 

Hölttä et al. (2017) 
I year III 

z1 Eq. 25 
– II 

ibid. 
year III 

c Eq. 15 
Tr II 

Mäkelä et al. (2004) 
Tr, year III 

[a] Based on a finding of I on the linear correlation between χ and tree height (h), 𝛽 = 𝜒 ℎ⁄ , instead 

of χ itself, was an estimated parameter in III.  
[b] After being converted to the optimal SWC (θ*) using Eq. 51. 

 

 

installed with rectangular steel frames (see Mencuccini et al. [2013] for illustration). Thus, they 

recorded DBH dynamics, and the data correction against frames’ thermal expansion/contraction 

was conducted following Sevanto et al. (2005). The location of each dendrometer was changed 

before the beginning of each growing season at Hyytiälä. Only the data during growing seasons 
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were used. The intervals between the onsets of growing season and lBH growth (132nd day of the 

year [DOY]; Jyske et al 2014) ranged 20—40 days, which were in accordance with theoretical 

estimate related to hormone transport and regulation (Vaganov et al. 2006). The temporal 

resolution of data was 30 min. 

 

 
Model parameterization and performance assessment 

 
To reflect tree age/size-related effects in the whole-tree LOSM, approximately a half of the 

estimated parameters were set tree- or age-group-specific, i.e. the estimate differed for each tree or 

age group, with prior ranges based on literature (Tables 3 and 4). The MAP estimates of the 

parameters were sought by adaptive MCMC algorithm DREAM(ZS) (Vrugt et al. 2009) in R (R 

Core Team 2019, 2020, 2022) with package ‘BayesianTools’ (Hartig et al. 2019). 

To assess the performance of FM, linear regression was conducted between observed and 

modelled (using the parameters’ MAP estimates) target variables, which are sap flow density (I) 

or transpiration rate (II, III) and SRD (III). Root-mean-square error (RMSE) was also calculated 

for assessing model performance, which is defined as 

 RMSE = √
∑ ( ∙  )𝑛

𝑛
 (52) 

where n is the total number of elements in ε. 

 

 

 
Table 4 Information on the estimated parameters of the SRD model. See Symbols for their 

definitions and typical units. See Table 3 for the explanations of the columns exce t fo  “Study” as 

SRD was modelled only in III. 

 

Parameter First use Specificity Reference of prior range 

ℇ Eq. 35 Tr, year Nobel (2020) 

𝜓ℊ0 Eq. 46 – Cabon et al (2020) 

T0 Eq. 47 – ibid. 

ΔHa Eq. 47 – Parent et al (2010) 

ΔHd Eq. 47 – ibid. 

ΔSd Eq. 47 – ibid. 

m Eq. 48 Tr, year Estimated 

𝜏c Eq. 48 Tr, year Estimated 

ϕmax Eq. 47 Tr, year Cabon et al (2020) 
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RESULTS 

 

 
Model performance 

 
The performance of the whole-tree LOSM was generally good regarding observed-to-modelled 

fitted slope (FS) of output variables (E and SRD) as well as R2 (Table 5). Nevertheless, there were 

notable differences in RMSE between versions. The simplest version (without belowground 

module; I) showed the largest of all cases RMSE = 424.8 µmol m-2 leaf s-1. However, note that this 

RMSE of E was converted from RMSE of J, 1.85 mol m-2 sapwood s-1, by dividing the mean of 

tree-specific �̂�lw . With the belowground model structure (excluding waterlogging effects) and 

without parameterizing 𝜌lw, RMSE was reduced to approximately only a fifth (79.41 µmol m-2 leaf 

s-1; III) of that in I on a similar site at Hyytiälä. For the drained peatland sites at Sattasuo (II) and 

Ränskälänkorpi (III), the model with waterlogging effects resulted in similar (81.35 µmol m-2 leaf 

s-1) or yet lower RMSE (60.10 µmol m-2 leaf s-1). The model performance on SRD was also good, 

presenting fitted slope of observed to modelled values and R2 close to 1 and RMSE < 90 µm (Table 

5). 

 

 
Hydraulic conductance and marginal water use efficiency (MWUE) 

 
The above-ground model (I) showed that modelled stomatal conductance (𝑔σ) using �̂�, 𝜄 ̂and 𝛾 

(Table 3, Eq. 11 and 12) was almost always higher in younger/shorter than in older/taller Scots 

pine trees (Figure 3). Exceptions occurred under the condition that both D and I were close to the 

measured maxima, but in that case the difference in 𝑔σ  was small (< 0.1 mm s-1). With the 

belowground model and waterlogging effects (II, III), modelled mean ksr (per sapwood area) of 

Norway spruce was higher than that of Scots pine, and ksr reduction (waterlogging effect) occurred  

 

 

Table 5 Model performance on transpiration rate (E) and stem radial dimension (SRD). RMSE 

(root-mean-square error) are in µmol m-2 leaf s-1 for E and µm for SRD. FS, fitted slope of 

observed (y) to modelled (x) values; Rkp and Hyy (III), sites Ränskälänkorpi and Hyytiälä, 

respectively. P < 0.0001 for all FS. 

 

 I (E) II (E) 

III 

E SRD 

Rkp Hyy Rkp Hyy 

FS 1.013 0.991 0.916 0.939 1.000 0.973 

R2 0.755 0.801 0.763 0.860 0.996 0.980 

RMSE 424.8 81.35 60.10 79.41 59.60 84.63 



34 
 

 
 

Figure 3 Modelled stomatal conductance difference between young and old Pinus sylvestris trees 

(𝑔σ
Y − 𝑔σ

O) estimated using age-group-specific �̂�, 𝜄 ̂and 𝛾 (Table 3, Eq. 11 and 12; I) in relation to D 

and I gradients. White area corresponds to negative values (top right), minimum = -9.54 × 10-2 

mm s-1. 

 

 

 

 
 

Figure 4 Modelled species-wise mean ± standard deviation (SD) soil-to-root conductance (ksr, per 

sapwood [SW] area) of Scots pine (II) and Norway spruce (III) in relation to soil water content (θ; 

A), and maximum ksr (B) and minimum marginal water use efficiency (λ; C) of individual trees in 

relation to leaf-to-sapwood area ratio (ρlw). 
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at slightly higher soil moisture (Figure 4A). Both the maximum ksr and minimum λ were 

significantly correlated with ρlw (Figure 4B,C). 

 

 

Cambial growth, phenology and assimilation 

 

In contrast with the good performance of FM on SRD (Table 5, Figures 5 and 6), both AMs failed 

to capture the seasonal pattern of SRD at both sites. AM1 (without growth phenology expressed 

by the Gompertz function) produced SRD chrono-sequence noticeably more linear than the 

observations, and thus in most cases AM1 underestimated SRD in early growing season while 

overestimated later (with few exceptions e.g. Pentti 2019 at Hyytiälä; Figure 6). Failed in the 

temporal pattern before the yearly maximum SRD, AM2 (using only the Gompertz function to 

simulate growth) generated sigmoid curves with a too steep increase for the trees at Ränskälänkorpi 

(Figure 5). For Hyytiälä, AM2 overestimated SRD during early growing seasons of regular years 

(e.g. Pentti 2017, Figure 6) but late seasons of drought years (e.g. Sylvi 2019, Figure 6).  

 

 

 
 

Figure 5 Stem radial dimension (lBH) difference from the initial value of the year (l0) of the Norway 

spruce trees at Ränskälänkorpi. For clarity, only four selected trees are displayed, and the 

hydraulic component (lela, cf. lgro) of lBH simulated by the alternative models (AMs) is omitted. In 

AM1 𝑁c
(AM1)

≡ 𝑁c
max in Eq. 45, and in AM2 Eq. 46 and 47 are unused and ℊ(AM2) ≡ 𝜙max ∙ 1 MPa 

in Eq. 49. The title of each panel displays tree number and block, namely, control (CB) or 

selection harvest (SHB), and tree height. 
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Figure 6 Stem radial dimension (lBH) difference from the initial value of the year (l0) of the Scots 

pine trees at Hyytiälä. The legend and the differences between FM and AMs in growth model 

structure are the same as in Figure 5. The title of each panel displays tree name and year. 

 

 

Of all the correlation analyses of growth/phenological traits and leaf-specific photosynthetic 

production (P, i.e. A summed over time; mol C m-2 leaf), only growth duration vs growing-season 

production (Pgs) at Ränskälänkorpi was significant when an outlier was unused (Pearson’s = 0.679, 

P = 0.03; Cook’s distance of the outlier = 1.9 when used; Figure 7B). However, no such significant 

correlation was found at Hyytiälä, and Pgs there appeared to be of low variance with respect to 

growth duration. No significant correlations (P > 0.1) were found between timing of (tonset) and 

production (Ponset) by cambial growth onset or between annual increment of basal area and Pgs 

(Figure 7A,C). 
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Figure 7 Growth and phenological traits in relation to photosynthetic production. The production 

was calculated by summing over the time period by cambial growth onset (Ponset; A) and over the 

whole growing season (Pgs; B,C), respectively. tonset, timing of cambial growth onset; H and R, 

sites Hyytiälä and Ränskälänkorpi, respectively. All Pea son’s co  elation coefficient’s P > 0.1 

except for the one displayed on the bottom left. BA, basal area (C). 
 

 

DISCUSSION 

 

 
Model performance, structure and parameterization 

 
To expand LOSM to whole-tree applications, the current study employed statistical (Bayesian) 

tools and/or mechanistic analyses to address aboveground and belowground water transport (I, II) 

and finally coupled the expanded LOSM with a cambial growth model focussed on sink activities 

and growth phenology (III). During its development, the model was used for investigating tree 

age/size-related effects on stomatal and soil-to-root conductances, marginal water use efficiency, 

and the correlation between cambial phenology and photosynthetic production. The good model 

performance suggests that the aims of model development were obtained in the planned stepwise 

manner. Compared with the statistical and simplistic version (I), incorporating semi-mechanistic 

formulation of belowground hydraulics (including waterlogging effects) in II reduced the model 
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error in simulating E considerably. This improvement supports the necessity of accounting for 

mechanisms of water uptake and whole-tree transport on the yearly scale. Furthermore, the coupled 

model (III) performed well on both hydraulics and SRD dynamics at a finer temporal resolution 

(30 min vs 1 day in II), and the error of E is lower than or similar to that in II. Therefore, the model 

was improved between versions corresponding to the respective aims. 

The simulation of E presented a higher RMSE but also higher R2 for Hyytiälä than for 

Ränskälänkorpi (RMSE = 82.29 vs 56.77, R2 = 0.903 vs 0.785). The current design of tree-year-

specific parameters for Hyytiälä (Tables 3 and 4) should have captured the interannual variances 

of E (J) and its direct environmental factors (D and I). Thus, the RMSE and R2 results are likely 

related to the intra-annual variances of the variables during the growing season at Ränskälänkorpi, 

which is reflected by the higher coefficient of variation (CV) of D and I. At Ränskälänkorpi, CVD 

= 1.09 and CVI = 1.26, higher than at Hyytiälä (CVD < 1.07, CVI < 1.26). Another source of 

structural error for Ränskälänkorpi may be the variance between trees in non-stomatal limitations 

on photosynthesis (parameters z0 and z1). As there was only one estimate for each of them for the 

site, this between-tree variance may not be well represented in the model and may have heavily 

influenced the likelihood output of the model (Figure 8). This design was due to the difficulty in 

quantifying the between-tree variances of the factors of z0 and z1 (e.g. the maximum carboxylation 

capacity without non-stomatal limitation; Eq. 22—25, Figure 1). The difference in model 

performance on E between sites may also be related to the difference methods of measuring sap 

flow (heat pulse vs thermal dissipation). The heat pulse method employed at Ränskälänkorpi has 

been known of higher sensitivity and accuracy than the thermal dissipation method at Hyytiälä 

(Steppe et al. 2010). Consequently, less variation of sap flow was recorded at Hyytiälä (CVJ = 1.32, 

all data combined) than at Ränskälänkorpi (CVJ = 1.42, all data combined). 

The full model’s (FM) performance on SRD was good for both Hyytiälä and Ränskälänkorpi. 

However, the worse performance under drier conditions (Hyytiälä than Ränskälänkorpi, especially 

in dry years 2018 and 2019) is noteworthy, particularly regarding the SRD expansion and 

contraction associated with rain events (e.g. Sylvi 2018 in Figure 6). There are three possible 

reasons behind this phenomenon, namely, bark hydraulics formulation related to rain events, MOE 

being constant to water potential, and constant osmotic potential (i.e. its absence from Eq. 43). 

Currently, bark hydraulics (Eq. 40—42) is formulated simplistically for lacking direct quantitative 

experimental support. Particularly, its water inlet (Eq. 41) seems to have been underestimated 

regarding the underestimated SRD expansion following rains. However, a more realistic model 

would incur considerable complexity of, for example, stem flow dynamics, which were beyond the 

scope of the current model. Variable MOE is suggested by the heteroscedastic daily SRD 

fluctuations between two rain events in dry years at Hyytiälä. The dry wood should have had lower 

MOE than the current time-invariant estimates, which is in accordance with previous results of 

dehydration-rehydration experiments on sawn logs (e.g. Tyree and Yang 1990; Tyree and 

Zimmermann 2002). Also, the dependence of MOE on water potential has been hypothesized (e.g. 

De Scheppe and Steppe 2010). Nevertheless, implementing such dependence into the current 

model yet requires more precise prior knowledge on live trees for calibrating new parameters that 

it would introduce.  

Although osmolality at stem base of boreal conifers is of low variance through the growing 

season (Paljakka et al. 2017), its dynamics missing from estimating ψcam (Eq. 43) may have entailed 

errors in the current simulation of 𝑙ėla under occasional droughts with rain events. The higher errors 

associated with rain events at Hyytiälä suggest that �̇�BH  was underestimated (or MOE 

overestimated as already discussed). The Höfler diagram has shown that osmotic potential (ψΠ) 

decreases simultaneously with hydrostatic potential as dehydration occurs but with a slope lower  
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than the latter (Jones 2014; Nobel 2020). Thus, accounting for �̇�Π in Eq. 43 should improve the 

model performance on 𝑙ėla and thus SRD under rains. Ideally ψΠ is approximately the product of 

the ideal gas constant, temperature, and the summed concentrations of osmotically active solutes 

(∑ [X𝑗]𝑗 ), whereas in reality the slope 𝜓Π ∑ [X𝑗]𝑗⁄  does not hold constant for some compounds (e.g. 

sucrose) when the concentrations are low due to dissociation (Nobel 2020). Therefore, calibrating  

𝜓Π(∑ [X𝑗]𝑗 ) and implementing it into the current model should require sampling and chemical 

assay of the sap over a wide gradient of concentration as an additional input of the model. An 

alternative and easier practice is using the osmometer to obtain a chrono-sequence of osmotic water 

potential. However, neither of the methods was conducted in the current study. 

Upon analysing similar formulation of non-stomatal limitations on photosynthesis, Dewar et al. 

(2018) have drawn the conclusion that the Cowan-Farquhar type of LOSM predicts wrong stomatal 

response to increasing 𝒞a  when λ is constant, which is directly related to the goal function of 

optimization (Eq. 5). In the current model, λ is variable and a function of ksl, with which 𝑔σ (Eq. 

13—15, 23 and 24) is predicted to have a long-term decreasing trend with increasing 𝒞a (Figure 

9), reduced by c. 25% under doubled 𝒞a (800 ppm vs 400 ppm). This predicted reduction is close 

to the mean decrease of stomatal conductance (19% for trees and 21.7% for all the studied C3 plants) 

observed in free-air CO2 enrichment (FACE) experiments (Ainsworth and Rogers 2007). Thus, the 

current model improved the 𝑔σ response to increasing 𝒞a compared to the basic LOSM. 
However, the interactions between physiological parameters and environmental factors, e.g. 

increased Γ* and ℳ under increasing temperature (Galmés et al. 2016; Busch and Sage 2017), 

were not addressed in this prediction. New model calibration must be conducted for a more holistic 

perspective of 𝑔σ(𝒞a) with such interactions included, and the increases of Γ* and ℳ are expected 

to influence the numerical approximation (Eq. 25) as they are lumped into the empirical 

coefficients z0 and z1. Therefore, such variations in photosynthetic traits will affect 𝜆(𝑘sl) within 

the current model structure, which needs to be confirmed by more specific observations on the 

interactions of plant water use, hydraulic conductance and changing environment. 

 

 

Figure 8 Predicted mean stomatal 

conductance (𝑔σ) with increasing 

atmospheric CO2 concentration (𝒞a) 

using Eq. 13—15, 23 and 24. The 

mean was calculated from the joint 

variation of 𝑔σ with variables D ∈ (0, 

1.3] (mol m-3), I ∈ (0, 1.3] (mol m-2 s-1), 

Tl ∈ [-5, 33] (°C), S ∈ [0, 23] (°C), ksl ∈ 

[2, 300] (mmol m-2 s-1 MPa-1) (all within 

their respective measured or modelled 

ranges in III), and 𝒞i 𝒞a⁄  ∈ [0.5,0.7]. 

The variables were assumed 

independent from each other. Means of 

�̂� and 𝛾 in III were used, and the other 

parameters (𝒱c
max, ℳ, Γ* and ψA0) had 

the same values as for Figure 1. 
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Physiological effects related to tree age/size and structure 

 

The model predicted higher stomatal conductance of young/short than old/tall trees (Figure 3) and 

that ksr and λ were positively correlated with ρlw (Figure 4). The decline of stomatal conductance 

with increasing tree size/age has been reported widely (e.g. Niinemets 2002; Koch et al. 2004; 

Ryan et al. 2006; Steppe et al. 2011; Tor-ngern et al. 2017), which is a typical adaptation to 

increased hydraulic resistance against transporting water to higher foliage. This decline may further 

contribute to the decreased assimilation rate (per leaf area and mass) in high foliage (Niinemets 

2002) and the growth of old trees (especially height growth; Koch et al. 2004; Ryan et al. 2006; 

Martínez-Vilalta et al. 2009). According to the basic LOSM (Eq. 10 and 11) and its 

parameterization used for this prediction, young trees had higher 𝜄 ̂and thus faster increase in 𝑔σ in 

comparison to old trees when I was increasing at low to medium levels (I). However, young trees 
became more sensitive to D than to I at relatively low levels of the factors according to the analyses 

of 𝜕𝑔σ 𝜕𝐷⁄  and 𝜕𝑔σ 𝜕𝐼⁄  (I). Consequently, they were more strongly affected by dryness than the 

old trees, which resulted in the negative (𝑔σ
Y − 𝑔σ

O) at high D and I. These results are likely related 

to the larger water storage in the old/larger trees, while ksr of large trees may have also contributed 

to their stronger drought-tolerance (Figure 4A,B; Scholz et al. 2011). 
The higher ksl (per sapwood area) of Norway spruce than Scots pine in moist soil (Figure 4A) 

is related to spruce’s higher ρlw (Figure 4B) and higher tolerance to waterlogging. As unit sapwood 

area of Norway spruce hydraulically supports a larger area of foliage, it needs a higher efficiency 

of water uptake at roots than Scots pine’s. The higher ksl of spruce may be realized by 

morphological adaptations of fine roots, including higher mean dry mass, length and volume of 

root tips (Ostonen et al. 2007). Additionally, Norway spruce has the plate root system, featuring 

massive lateral roots spreading horizontally in shallow soil, in contrast to the tap root system of 

Scots pine featured with a noticeably dominant coarse root growing vertically into deep soil. This 

structural feature of Norway spruce facilitates its water uptake (ksr of the whole root system) from 

shallow soil under favourable SWC as well as waterlogging-tolerance when WTD is not extremely 

high. However, the site-related effects (Scots pine from Northern Finland in II vs Norway spruce 

from southern Finland in III) on this inter-specific comparison are yet to be clarified. For instance, 

both species have higher shallow-soil (humus and mineral soil with depths < 10 cm) fine root 

density (dry mass per soil volume) in northern than in southern Finland (Helmisaari et al. 2007). 

Also, nutrient conditions were not accounted for in this cross-site comparison, which has long been 

known to affect rhizosphere as well as whole-tree structure (e.g. Vogt et al. 1995; Vanninen and 

Mäkelä 1999; Leuschner et al. 2004; Jager et al. 2015; Kramer-Walter et al. 2016). Such site-

related effects may be considerable when comparing root-related attributes across a great 

geographical difference. 

The increasing λ with increasing ρlw (Figure 4C) and tree size is in accordance with the earlier 

findings of higher 13C fractionation (δ13C) and thus higher water use efficiency (WUE) in the top 

foliage of taller trees (Koch et al. 2004; McDowell et al. 2011; Brienen et al. 2017), if λ (marginal 

WUE) is interpreted as WUE at an infinitesimal time step. This increase in WUE with increasing 

tree height is another adaptation to higher risk of local drought in higher foliage, additional to the 

lower 𝑔σ of old/tall trees reflected in Figure 3. That minimum λ of spruce showed less variance 

than maximum ksr over the same range of ρlw may suggest that the limiting factor of ksl changes 

correspondingly to SWC, being ksr under dry or waterlogging conditions (i.e. 𝑘sr ≪ 𝑘rl) but krl 

under favourable SWC (i.e. 𝑘sr ≫ 𝑘rl). It is clear from Eq. 27 that whichever of ksr and krl that is 

much smaller than the other determines the scale of ksl. Therefore, ksl and λ appear to be stabler 
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than ksr across SWC gradient upon the tree-wise constant krl in the current model (Eq. 28), which 

in turn stems from the comparatively constant maxima J (and thus E) and |𝜓s − 𝜓l| when the 

sensitive stomata start to close and restrain water loss.  

 

 
Cambial growth in relation to carbon gain and sink activities 

 
In recent years, tree growth modelling has been developing towards a balance between carbon 

source and sink activities in contrast to photosynthesis-centred formulation previously (see 

Introduction – Modelling tree stem radial growth). Converse to such earlier formulation, the 

prototype of the current model (Johnson et al. 1942; Parent et al. 2010; Cabon et al. 2020) describes 

solely the sink activities of the cambium and thus was expected to provide a novel structure for 

sink-driven growth modelling. Despite the successful tests on a variety of temperate crops and 

trees (Parent and Tardieu 2012), the prototypical model failed to capture the seasonal pattern of 

the current boreal trees’ cambial growth (Figures 5 and 6), and the failure of both alternative 

models (AMs) suggest that empirical (phenological) part of the growth model is as indispensable 

as the mechanistic (biophysical) one. The Gompertz function has been found good at predicting 

the number of enlarging cells decaying through the growing season, which may be related to the 

shorter time that cambial cells stay in enlargement in late growing season (Cuny et al. 2013). Thus, 

without representing phenology, AM1 essentially assumes a constant Nc through the growing 

season, a hypothesis rejected decades ago (e.g. Wodzicki 1971). This asymmetrical temporal 

pattern may be a synergy of carbon availability and other factors e.g. hormonal control. The present 

analyses show that growing-season photosynthetic production (Pgs) was correlated with length of 

growth duration at the moister site (Ränskälänkorpi; Figure 7B), which may be related to carbon 

shortage in late growing season as boreal conifers under limited carbon gain tend to store carbon 

rather than allocate it to growth (Huang et al. 2021). In contrast, growth onset (Figure 7A) likely 

depends on hormone spreading instead of carbon availability (Vaganov et al. 2006; Hartmann et 

al. 2021). Consequently, the annual area increment of wood was not correlated with photosynthetic 

production (Figure 7C), which is in accordance with the earlier finding of the pivotal role of 

phenological control in woody growth and its decoupling from carbon gain (Delpierre et al. 2016b). 

Therefore, evidence is yet insufficient for equalling growth phenology and effects of carbon source 

activities, and phenology per se should be accounted in tree growth modelling. 

It should be noted that the growths of other tree compartments (e.g. foliage) or traits (e.g. height) 

may differ from that of the cambium. Thus, the current model should be integrated with, for 

example, carbon balance analysis to account for carbon allocation and to draw a holistic conclusion 

on source and sink limitations on whole-tree growth. Also, modelling carbon allocation to storage 

is necessary for a better prediction of tree growth on larger temporal scales. The storage dynamics 

should include, at least, those of short-term use (sugars) and longer-term storage (e.g. starch) as 

they function distinctly for tree physiology. Such detailed modelling of carbon storages should also 

help clarify the physiological connection between phenology and carbon gain (Figure 7D,E), as 

NSC is critical for plants to recover from winter and start growth in spring (Linkosalo et al. 2006; 

Hartmann and Trumbore 2016; D’Andrea et al. 2021). This enhancement may be realized by 

coupling the current model with an existing model focussed on carbon allocation and storage (e.g. 

CASSIA, Schiestl-Aalto et al., 2015), and the parameterization methods based on Bayesian 

inference and MCMC algorithm should be similar to those employed in the current study. However, 

at least two major difficulties must be tackled firstly, namely, 1) measured reference for 
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quantifying dynamics of sugars and starch and 2) unifying the temporal resolution of the modelled 

carbon source and sink activities. 

 

 
Future research 

 
Additional to the potential improvements and enhancements discussed in the previous sections, 

new eco-physiological objectives and mathematical tools should be considered in future research 

based on the present works, including but not limited to the examples as follows.  

Firstly, phloem functionality (e.g. processes of assimilate transport and osmoregulation) should 

be integrated into the model for a holistic view of the vasculature. As hypothesized and tested for 

decades (Münch 1930; Gould et al. 2005; Lambers et al. 2008; De Schepper et al. 2013; Knoblauch 

et al. 2016), the water transport in the xylem and the sugar transport in the phloem are functionally 

inseparable through osmotic dynamics. This future work may be a further development from the 

carbon storage modelling discussed in the previous section, and pioneering works have been 

available (e.g. Hölttä et al. 2017; Perri et al. 2019; Schiestl-Aalto et al. 2021). Another key factor 

of growth is hormonal control, and it needs corroboration in process-based and physiology-

orientated growth models as well. Theoretically and ideally, growth-related hormones spread 

following Fick’s law of diffusion, and thus the hormone concentration ([X]) at a position of interest 

(x) can be approximated by (Hartmann et al. 2021) 

 [X](𝑥) = [X](0) exp (−
𝑥

𝜔
) (53) 

(ω, a coefficient), which is algebraically similar to the derivative of Gompertz function (Eq. 48). 

This algebraic resemblance is because of the exponential decay in both processes. It may be the 

mathematical reason behind the good fitting of Gompertz function to the dynamics of cambial 

growth. Despite this idealistic analysis, the composition, functionality and dynamics of hormones 

related to cambial growth (reviewed by Sorce et al. [2013]) are yet to be experimentally scrutinized 

and mathematically described in a modelling framework with appropriate complexity. 

The current expression of the time lag between transpiration and sap flow dynamics does not 

explain related mechanisms and may have limited model performance on SRD. To improve, water 

storage properties (e.g. hydraulic capacitance) may be introduced into the framework. System 

identification tools (e.g. transfer function and state-space analysis) may help in this aspect, which 

have been widely applied in electrical control engineering (e.g. Ogata 2010). Transfer function is 

the ratio of a system’s complex output to input, transformed using the Laplace transform or the Z-

transform. It has been used for estimating the time constant of simplified whole-tree hydraulic 

system (Phillips et al. 1997; Phillips et al. 2004). The simplification is mainly due to the 

applicability of transfer function that is, strictly speaking, limited to linear systems. On the contrary, 

real tree vasculature often presents notable features of the non-linear and time-variant system, for 

example, embolism, variable MOE dependent on water content/potential, and variable capacitance 

due to the non-linear variable ψΠ (see Discussion – Model performance, structure and 

parameterization). With this respect, state-space analysis is more versatile as empirical expressions 

of the time-variant properties can be embedded into the state matrix, and tools for estimating 

coefficients in the state space have been available (e.g. Young 2000; Young et al. 2001; Taylor et 

al. 2007). Despite the powerful potential of these tools for system identification, the analogy of 

tree hydraulics to electrical network is obscure in detail (e.g. the physiological definition of 
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‘capacitor’ and how parts are connected). Also, testing the hypothetical model requires extremely 

demanding measurements (especially of water potential), and the presentation of the complex 

analyses is challenging. 

Additionally, the waterlogging effects need to be modelled more mechanistically. Its current 

formula (𝑘sr
− (𝜃), Eq. 32) algebraically mirrors 𝑘sr

+ (𝜃) without waterlogging effects (Eq. 31) based 

on the qualitative observation comparing flooding, drought treatments and control (Domec et al. 

2021). This model design does account for the spare soil porosity (1 − 𝜃 𝜃sat⁄ ) but not specifically 

the oxygen content, whereas anaerobic respiration (fermentation) under hypoxia/anoxia is one of 

the direct causes of impaired plant functioning (Kreuwieser and Rennenberg 2014). Fermentation 

inhibits root functioning by generating less adenosine triphosphate (ATP) per used glucose (c. one 

twentieth of aerobic respiration) and accumulating hazardous by-products (e.g. alcohol) (Ferner et 

al. 2012). These phenomena increase the sugar demand (i.e. sink strength) of roots, and thus 

maintaining normal photosynthesis rate and transporting assimilates to roots under waterlogging 

stress is the most important feature of flood tolerance (Ferner et al. 2012; Kreuwieser and 

Rennenberg 2014). Therefore, from a modelling perspective, waterlogging effects may be regarded 

as feedback to photosynthesis and phloem transport in future models, albeit little is certain yet in 

understanding the exact physiological reasons of reduced root hydraulic conductance (e.g. 

aquaporin expression) or root-to-shoot signalling under the impairment (Kreuwieser and 

Rennenberg 2014). 

The coupled model in the current study may contribute to incorporating the sink pathway of 

environmental growth control into the larger-scale dynamic vegetation model (DVM). DVMs 

describe vegetation and soil processes, predict changes in their structure and distribution, and are 

commonly centralized around photosynthesis and carbon fluxes (Friend et al. 2019). Similar to the 

aforementioned challenge to the photosynthesis-driven growth models (Introduction – Modelling 

tree stem radial growth), the central role of carbon processes in DVMs has also been shaken due 

to the considerable uncertainties in their future prediction under changing climates (Friedlingstein 

et al. 2014). Therefore, calls for including sink activities in DVMs have been widely made, and 

introducing a xylogenesis model balanced between carbon processes and sink control can be an 

important improvement in this regard (Zuidema et al. 2018; Friend et al. 2019; Eckes-Shephard et 

al. 2022; Friend et al. 2022). The current model may act a role in this improvement provided that 

explicit formulation of carbon storage and phloem functioning is implemented as discussed earlier. 

Yet, upscaling from the current scale of individual tree to ecosystem is challenging due to, for 

instance, the variances of the individuals’ physiological traits and the corresponding parameter 

design. Also, calibrating the upscaled model using eddy covariance observations should be 

performed with caution, as disaggregating observed evapotranspiration to transpiration is scale-

sensitive and yet to be adequately addressed (Knauer et al. 2018; Perez-Priego et al. 2018). 
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SUMMARY 

 
Mathematical models of tree eco-physiology and growth have been developing for a long time, 

and their coupling is important for understanding trees’ functioning and its responses to the 

changing environment. A key nexus between physiological and growth processes is stomata, which 

control the efflux of water and influx of carbon, the most important resources of plants. Modelling 

stomatal behaviour is based on the analysis of gas exchange at the aperture and its environmental 

factors, namely, temperature, water vapour pressure deficit (VPD), atmospheric CO2 concentration, 

and photosynthetic photon flux density (PPFD). The stomatal optimality model employing 

functional analysis of gas fluxes is one of the most tested models of stomatal behaviour, where the 

optimality is defined to obtain maximum difference between summed carbon gain and summed 

water loss over a given time. The model can be expanded to describe whole-tree-level hydraulic 

processes, including water uptake and transport corresponding to stomatal control, and thus 

provide water potential at a place of interest (e.g. cambium at breast height) as a key input to a 

growth model. Such a growth model, therefore, can reflect the carbon sink activities during growth 

accounting direct effects of hydraulic factors. This contrasts with modelling environmental effects 

on growth indirectly through carbon gain (photosynthesis), which is a common but disputable 

practice in earlier large-scale forest growth models. 

The stomatal optimality model aims at maximizing assimilation with a constraint of 

transpiration over a certain time. The solution of optimal stomatal conductance contains 

atmospheric CO2 concentration, VPD (with temperature effect), PPFD reaction curve, and the 

Lagrange multiplier, and thus the model is termed Lagrangian optimal stomata model (LOSM) in 

the current study. The Lagrange multiplier can be interpreted as the marginal water use efficiency 

(MWUE) and correlated with soil-to-leaf conductance in an empirical log-log linear form. This 

simple correlation is a numerical approximation of a mechanistic analysis of non-stomatal 

limitations on photosynthesis, which accounts for photorespiratory compensation, carboxylation 

capacity (impacted by water potential), and the Michaelis-Menten kinetics of CO2. The soil-to-leaf 

conductance can be broken down to two components i.e. soil-to-root and root-to-leaf conductances. 

In the studied coniferous species (Scots pine and Norway spruce), the relatively constant root-to-

leaf conductance can be estimated using maxima sap flow density and water potential difference 

between soil and leaf. Soil-to-leaf conductance in typical mineral soils is a monotonically 

increasing function of soil water content (SWC) relative to its saturation level, whereas decline of 

conductance occurs when SWC is too high and roots are waterlogged. Quantitative observation of 

this decline is yet lacking, but qualitatively the decreased soil-to-root conductance under flooding 

is similar to that under drought. Hereby, LOSM is expanded to whole-tree application by 

correlating hydraulic conductances and MWUE and with waterlogging effects accounted for the 

trees in peatland. 

The dynamics of stem radial dimension (SRD) have two components, namely, those caused by 

water storage dynamics (reversible, usually on the daily scale) and growth (irreversible, on larger 

temporal scales). Both components depend on water potential at the place of interest (breast height 

in the current study), which can be estimated using the whole-tree LOSM. Rainwater input can 

also be accounted for although highly simplified. The growth model was based on an analysis of 

enzymatic activation of cambial cells, which had been tested only on temperate plants. A 

phenological module was added in the current study, lest accounting only instantaneous effects on 

growth fail to capture season-scale environmental constraints. The model framework was tested 

against observed data in a stepwise manner: Test the whole-tree LOSM assuming the belowground 
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parts constantly optimal (I), including the belowground model structure (II), and test the coupled 

model of full whole-tree LOSM and SRD (III). The tests were associated with parameterization 

employing an adaptive Monte Carlo Markov chain (MCMC) algorithm. 

The model performed well and became better from I to III on simulating transpiration rate. It 

showed that young/short Scots pine trees had higher stomatal conductance than did old/tall trees 

under the same PPFD and VPD except when both factors were very high. These results suggest 

the increased hydraulic resistance and storage in old/tall trees. The higher simulated soil-to-root 

conductance in Norway spruce than in Scots pine is in accordance with the positive correlation 

between maximum soil-to-root conductance and leaf-to-sapwood area ratio. Minimum MWUE 

was also positively correlated with leaf-to-sapwood area ratio but to a weaker degree, suggesting 

the limiting effect of root-to-leaf conductance under favourable SWC. The growth model 

describing only instantaneous cambial sink activities or using only empirical formulation failed to 

capture the seasonal pattern of SRD, suggesting that both the biophysical and phenological 

components of the growth model are crucial. Mean assimilation rate was correlated with cambial 

growth duration but not onset, and annual increment was not correlated with assimilation either. 

These correlations suggest that phenology is not fully determined by carbon source activities and 

should be included in growth models on itself.  

The current model provides a good tool for predicting gas exchange at stomata and growth 

simultaneously at a fine temporal resolution (30 min). It also yields reasonable prediction of 

stomatal conductance responding to increased atmospheric CO2 concentration. For the future, 

potential improvements are expected to address carbon storage and phloem functionality, to 

formulate the growths of other compartments of the tree, and to corroborate the physiological 

causes behind waterlogging effects. The model may also be used for improving larger-scale 

dynamic vegetation models, balancing between carbon processes and sink activities. 
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